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llost of the mathematical techniq^ues that are in use toda^ were developed 
to meet practic;al nee^s. The el*ementary arithmetic operations have ohvioCis 
uses in everyday life, hut the mathematical concepts which are intro'huced at 
jthe junior high school level and above are not as obviotisly useful. 

1 ' The School Mathematics Sludy Group has been exploring the possibility 
of introducing some of the basic concepts of mathematics through the use of 
some simple science experiments. Several units were prepared during the 
su^^'o'f 1963 and were used on an experimental basis in a number of ctass- 
tooms^ during the following year.' On the basis of the results of these trials 
'these ^units i^ere revised during the summer of 196U. • ^ * ■ 

\f This text is designed to" be usable with an^ mathematics textbook in' 
^ common dse. It is not meant io replace the text'took for tne course, out to 

supplement it. Previous ^ci^uaintance with science on the part of the student 
. is upnecessary. The si:ientific principles involved are fatrly simple and 
. are* explained as much as is necessary in the .text. Eaci^h" experiment, opens a 
door into a new domain in mathematici: measurement, Inequalities,' -the number 
line, relations and graphs. W% hope that student learning and understanding 
will be improved through -the use of this material. 

^ The experimehts have all been done <in actual classroom situation^. 
r„ ' Every effoirt has been made to make the dir§ctionj^'for the experi^jiefits^ as 

c?lear and simple as possible. The'*a;pparatus has. been kept to a minimum.^ 

- * • • 

♦The writers sincerely hope thai this approach t-|) mathematics will 

* prove l)oth useful and interesting to the student. 
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Chapter 1 



AN EXPEBIM5NTAL APPROACH TO THE REAL NIMBERS 



1.1 Introduction . V» ■ . 

MuchTof th^^ev^elopmont of mathematics has ."been motivated "by the 

sdiences; 'there sk^^. a need to explain a^^ int^erpret -the oh?ervaiiions . of - 

* ' » s ' ^ * ' ' ' ^ ^ 

scientific phenomena. TbJ'S need continues even today. . The mathematics that 

CO • , . 

h&a "been develojped tp s^tis'fyi^he needs of the scientist is g^erally carried 
far "beyond t{ie immediate ^situation tha^t prompted it.* This is the work of 
0 the 'riikthematician. These further* ext ens ign?. of , mathematics ofteTi suggest 
*Sew theories and experimental ^^ssihilities to the scientist.y^- 

In shorty the conn^ection "between mathematics and 'science is^.hoth inr 
.timate an^ far-reaching. WJ.thpu^ mathematics 'the scientist would "be i^a"ble 
to systematise and interpret ^is experiments . He could not generalize his - ^ 
j*esults and make prediction^ for the^ outcome of future experiments ."^ Without 
stimulation. from the scientists, mathematicians would work in an unreal world 
of their'own design. /' * . • ' " ^ - 

In the work tji^t follows, mathesfifetics vill "be developed to meet the ' ^ 
particular needs of a set .of expAimentql situations. In each case this 
mathematics will arise* from an experimental setting. . Once the appi'opriate 
^jnathemaljical descriptip^js of the scientific experiment .are fotmd, a numh^ 
of logical e:itensions of the mathematical »6tructure will "be made. In this 
vay we Tcill develop •Qur mathematics in nfuch the samfe way that mathematics has 
'"been developed in th£^ p^^t and continueaf to "be ^^v^eloped today % Although much 
of the spirit of science will "become evident as we proceed, no particular '\ 
sGientific.,"backgroUnd*is required. ^ - - - ^ - . 



The Loaded Beam . * ' - , ' ^' ' . ' ^- 

Once we have decided to center pur investigation upon some particular ^ 
aspect of nature, we have to make a carefUl ^alysis of our- proposed experi- 
mental procedure to deteimine the factors that might pbssi"bly influence our . 



results. Our first experiment in .the" physical sciences vili involve the 
"bending of 9 ""beam", fixed at one end and loaded .at the other .^^J''®^ ® ^5; 
as 'simple as this one is. suscepti"ble to a wifie variety of influence^. ■ 




Figured' 



• The pmount of "bending, will oliviously depend on the type of Vbeam" we choose 
'and the. way we load it. ^Lf^^rent clamping points for the^' fixed end and 
different points for loading the free end will also influence tjie amount of 

"bending. It is. important to peimit *iio more thah one of tjiese conditions to 
influence the tending of the "beam at any one time. All other' comitions miist 
notvbe allowed ^ change. ' . ' . - ' , 

^ ' ^ ' • / - • ^ • 

/ A 15-inch flexiTjjLe itiler may "be, . ; ' ^ " * 

clamped to the desk with a "C-clamp" " ^ ^ 

and Vf^ 'Q "beam. (See Figure 1.) ^ 
,& t'he^'beam i^ loaded froin the free end, . 

it .will "bend^.- To measure *th'^ "beijiding 

of the team, we will simply record the 4 - 

changing p'osi-tion of the free end of 

the teaci as" tbe loadT is chang^. You 

may find that some form of a pointer 
^.arrangonent, such as a straigji* pin 
,fSst^ned to the free end/ will be " ^ ■ 

helpfu'l. 

Place a piec^ pf- masking tape 

over the numbers on the meter stick 
*in s'ftch a way that the graduations of 

the scale are not covered (Figure 2) . 

Support tJbie^met.^r stick perpendicular 

to^ thJ floor so "that the positioh of ^ ^ 

the end o'f the beam cam be , read on the 

scale xas the load chahges . A4just the 

meter stipk* feo that the pointer is in 

line* with one of the centimeter mark- ♦ 

ings OTiijhe stick. - On- the masfcipg - ^. 

tape opposite this mark^ write 0. 
\ Starting at the X) mark, dyaw two arrows 
-^Jlong ifte length of the fheter sticK; ' 

each 'extending in opposite directions . 

* Label the a^FcJw whie};! points up "up" 
and label the other arrow "down". -Use 
the cQiinting number? "to number the 
millimeter graduation on the scale. It 
is exiough'^^to wri\e numbers at* 10 -mm « 



J J 



Figure 2 



V: 



jiV.N- initeiysils in the upward and dpwnward! 
; directions frm the 0 as show in ^ 
^ Figure 3. * . 

There should be. a sm^ll hole in 
^ thi ruler^ "beam" aboul ^ne-half Tnch"^*' 

* from the free end. Tftread a piece of ^ 
nylon string through this hole and 
arouAd' the luLer -in such -a way that 
the string is. firmly 'attached to the , 
ruler and abouj; two f^'^t of string 

:' hang free on either side of the ruler. 
(See Figuj:e k.) * , ' 

' Suspend a single'- pulley above - 
the beam. A ring-stand or some other 
similar sup^Hing device may be- used 
for this pui^jose." Pass one en<i of the 
string Mp .over the- pulley so that the 
masses may 'be hung f^om the free end 
of the string. Allow the other end ♦ 
of the' string to han'^ below the end- , 
. of tHe*beto so that masses may al.so be 
1. hung^from this end (Figure 5)- 

* / ^ Now harfg a 30-gram mass in a ^. 

- downward direction" trom the' load point ^ 
' . • * * r 

and take a reading of the position gf 

the end of the beam. Continue by^add- 

' ing 3Q grams at a time, until you have 

*• at least lo' readings . Be'-ve3;y careful 

•in reading the position of t^e free • 

^en*n5f^lr§*^^afii. Always try to 

;"sight" along the .pointer^ in the same ^ 

: way* Make your position reading to 

J , th^ nearest milliitieter . ^ 

.• R^ove'the loa^frcm the beam 
* and repeat the experlmen-^ by lianging 
the '.masses from the pulley, 'adding , 
l^^ '^V '.^Sp.s^^a^ yoif liave at ' 



I?"- 



? 

fee 

0:- 




Figure ^ 




Figure 5 



Kmc 



0' 



least 10 mpr^ 'readings'. Again make your position ''reading to" the neare&t miliir 
meter • ^ . . * 

« You should record your 'data in an ordVly f ashionl Along with the load ^ 

^ ^ i- - ^ . >^ / » 

values and the position re^ings,, yo^f should record such things as^ the type of" 
"beam used and .its length, i . e^^^^^iliat part which e?ctends dutward from the^tatle 
top to'tha load point* • In recording the position of the qnd of the beam that 
is associated with each load, a tabular arrangement will have the most^mea'ning. 
Far- example, you could now label yoxir columns foi: data a^ shcfwn in Figure 6. 













THE LOADED BEAM EXPEEOdENT 
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Figure^o 

t » ' , " ^ • ^ 

In^^l??^fixperljaent7~the"breaiil wSs di^fle^t^ bo^th upward" and downward.' 

Our scale had "beaa graduated to tell us how much the beam bent, i)ut there was 
no easy not^ion^l^ tell the direction of the bending, ^ We could just be care- 
ful and always record our reading ^s^ *'2 ram up" or c^own", but qver a . 
lajrge number of readings this potation becomes •^quite clumsy,. But more impor- 
tant just* ease of notation, this idea of direction op^ns up a new systoa 
of numbers vhich is ii^p^t useful to -the s.ciept'istf „ " . . . ^ 

If- you look at the scale you have made so far, you should note that it 
is nothing more than a jiumber lin€^x)n which the numbering extends in either 
direction from the Q.. In the past, vhen we have "i^Me number lines, we indicated 
that some point on the line wi^ to have a coordinate 0 and some other point was 
to have' the coordinate 1. Froln this we were able to -j^Lnd potnts on the line"^,^ 
whose coordinates were the^ counting numbers . We wef'efilso dbl^.to talk about 



the'nuwbets •assigned! as the coordinates of points Tsetveen any t^ro successive l,* , 
.points already. lo6ated,»l .For example,^ the p*bint, midvay hetween 0 and l'*has , 
the cooi^iioate h .In our experiment, however, we also proceeded in the op- 
posite dir^eatioii along this line. This is; a po;rtion of the line to which nq 
n\5nbers hav-e as Mt 'b%en assigned as coordinates. Let us now consider anyex- ' 
tensioi]^ O'f our set of numhers which will assign n\imhers as the coordinates of 
' theses points • ^ ' - ♦ * ' ' - 



i;3 The Real Numher Line k f- ' ' t - ^ 

^ * * The \iumher line, used in the experiment should look similar, to the numher . 

> ' line in Figure 7. However, the i^her' 
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line does not have to he drawn in a 

♦ 



..20 * vertical position. *In fact, 4n text- 

\_]^Q hooks, 'it 4.s^most \often shown in. a 

..Q ^ horizontal di^rection. 

' ""10 "The idea o^ distance has heen a* 

'"20 * strong underlying^ theme in the corf- , 

' « * '"30 ^ struction of* a numher line. Let us 

. "^r ' keep this idea and find a point on 

Ki'gure 7 "this line such that the zero point is 
. Just h^lf-way bett/e^ some- new point and the unit po^Lnt, as in Figure 8. * 



new 
point 



1 



*^ ' * , ■ X Figure 8 " ^ • ' 

Now. the distance from the new i)oint to the zero point is the same as the dis-^ 
tance.f^rcm the zero point"^ to the unit poiijt. In it'her words, the hew pAnt is 
also one unit of distance 'from iihe zero point. "However, we have already ^sed' 
the symhol 1 for the co^inate^of the unit point -and to use the same symhol ^ 
ibr the coo^xlinate 'of a^econd point wbuld'jbe v^r^ coiifusing. L^i nis then 
Qgree upon a nW symhol for the coordinate of this point. The new symhol . 
should' tell us that the distance of the point frqm'the zero point .is- one un^t 
'^ut it is in a direction opposite'jto that/of the. unit point. ^ The symhol that 
has he«i agreed upon for this qpordinate is;'"-l" (read "negative one") • 

, We i»ight agk in which direction to pproceed*^th the 'positive minhers and 

o • • • ' • 12^ • 



whichr the , negative. This is an arbitrary choice. That is, if we liked, we , 
could start at, the aero point and place the unit point to the left. The ' 
n^egative numbers would then be placed to the right'bf the zero, point. How- 
ever, >f we had placed th^ unit point to the' right of the zero point, the^ 
vhole nWbering^proc^edu^e on*, the line would have been reversed. ^ Hither , , 
method is acceptable, "but ^s soon as one method is adopted you should stay 
,with it and be consistent, '(the method that is, used most often is to place 
^he unit point to the right of the zero point. : 
f * 

The set of all numbers tised as the coocrdinates of points on the number 
line is called'the set of real numbers . If the unit point is. to the right of 
zero, "then the numbers to the right are called the positive real ninbers and 
tl?e numbers to the left are called the negative , real numbers* . In this 
language, the numbers of arithmetic are called* the non - negative real numbers . 

Each (jpun-^ijRg number has a negative. There are two points on the nutpber 
^line for e&ch 'distance. If the distance from, zero is tq be three *»units , "fhere 
is one point '3 unit^ to the right o'f the^efo point, and a second poinl 3 units 
to the left. The coordinate, of the first point "is 3 and the • coordJ.nate of the 
second point is -3' For every numbe2^ of a|:ithmetic^ except zero, -the-set of 
real numbers cont^ains a negative number. J'or example, for every counting .num- 
ber in the set of real numbers^, there is also anothet number in' this set which 
is the negative* of the counting* number. . ' ' 

The number zero, th6 counting numbers, and the negatives of the counting 
numbers all together make up a set of numbers called the integers , {... -3, 
-2, -1, .0, 1, 3, ...). Another name f<?r the cpunting numbers is the posi - 
tive integers . The set of all negatives of the coxmtii^g numbers i^ calXed the,. 

negative integers. . - 

r \ ' 

You may recall that a rational number of arithmetic was defined .as any 

ninnber which could.be expressed as a^fraction having a whole*, n^ber as a 

numerator and a counting number as a denominatpr. Henbe, 0, .3^ 5 and,.33*** 

are all examples of such rational numbers. It is possible to exprjsss 0 as 

Y^and 3 as j • TTie ,set of rational numbers does include the set of all in-' 

1 1 • £ 

tegers. The number r is already expressed in the fonn stated in the defini- 

• ^ 1 . V • 

tion. It is possible to express .5 as ^, which also satisfies the definition, 

of a rational number. The decimal fraction .33 ••• , which is a nonterminatingj 

1 ' 

repeatihg;^decimal fraction, can be egress ed as :r, and dgain we see that the 

*V • ' : -5 . . 

definition of a -rational. number a^pplie^s^to this Aumber^ 

s ' ' ' * ♦ 

For all rational numbers, with the exception of zero, there is a negative 



of that rational number in. the set of 'refil numbers • Tiie coordlnhte of the ^ 
point nidway/'between -1 and -2 is - * * THie, distance of the.poin,t to the left 
of zero is the same as. the df stance from ze:^ to the^^int whose coordinate is 



-5 

2 



.2 ^1 -I 

-2 3 



2 ^ a . 5>2 



^ 2. 3 




• * , • . Figure 9 

" *" \ 

'Each rational number is nov as&igned 'to a poinTof ^th'e number line, hut 
ther^ remain many points to which rational numbers cannot he assigned. The * 
numbers associated with. thes6 points are .called the irrational numbers / . Ir- - 
rational «uflibers are alpo real iSumVers. Hence/ we Can regard the set of^real^ 

* numbers as ' the c(»nl5in§!a se;t of rajbional- and- Irrational numbers . ^ . 

. Whei% are s^e of the points on the ni^her^line'yhich do not 6orreapond 
to,rationaLnum>^rs? IThere are a gteat many such numbers, hut it is difficult 
to iJrove that any particular one is irrational. One example of a real number 

, - whicS^qait be proved to be irrational is that niinber which ^en multiplied 

by itself gives 2. This number i^called "the square root of two". 

Here is one' method 'of finding a length to which we can associate the 
\ square root of tw<i as the mpafiiSe. Kxis m<^thod is based on the understanding 
■*/ of the foiraulas fto tW^ea of a right triangle* and* the area of a aquare* 
You will recall that the area of a right triangle is one-half the product of 
the lengths x>f two sidgs' of the triangles, which foim the right angle* Jf we 



J 



have a right 'triangle such that both of these sides jsire a unit length (Figure lO) 
then the area of this triangle "is ^ {l){l); or | • 




X. 



Now if we take four of these triangles and fit than together, like the pieces 
Of a jigsaw puzzle, we notice tl^t they f om' a square (Figure ll) . Since each 
triangle had an area of and th^re are four such triangles, in yie square, 
the area of the square i^ H-^) , or 2. The area of a square is the length^^of a 
side multiplied by itself. . ' 




Figure .11 



• ' In this case ther^ the length* of the side of the square^^- the number 
which, ^en, multiplied by itself, is equal to two. We have already defined 

In order to locate -a point- on the numbe^ line for all*we 
haVe to do is ponstruct a right triangle wjth the two sides pf the right angle 



one anit in length and transfer tKe length of the- third s'id^to our "number * 



line (Figure 12). 




^ TivLS we can do by drS;iii3g a circle ^ose, centner is at the point 0 on the number 

' line and whose radius is the same length as the thiixi side of the triangle. 
^ ' * ^ This circlg^ cuts' the manber line in two points, whc^e coordinates are the real 
, numbers and - * respectively. ^ ' • ' ^ 

» . ^ Iwe haVfe" avoided tiying to prove that the^'number is^not a rational num- 
^ ber. jSueh a proof does exi«»t and you will probably study this proof in a later 
(Course/' At this time, however, you might try to test known rational numbers by^ 
squaring them to see if any product *is exactly 2. Some numbers you mlgRIT tlxe^ST' 
- . ^ari^ lA, r.Ul and l.lilUS^. \ ^ 

* ^ ' *^ > ^ 

Ihere^ are many more points on the r^al* number line which ar^.^rrational 
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nunxbers. Some num"bers wliich serve as coordinates of these points are jc 
and -/5 • * ? • i - 

\ • < • * ficercise 1 \ " 

t 1. For each of the following, construct a number line and detemiine the 
points -whose coordinates are as follows : ^ ' - 

. / : , (a) '- 0, Ji, 2, - I', -3 • . , 

•'■ (b) .\, -|, 2.5, -2.5, 3 ' ; ■ , . 



(c) -5, - |, |, 5, . 6 

(d) .1^, - -H, 2^, 3>^, - 2y^ / '= \ 
" (e) + 1, ,^ - 1, -(v;2 + 1), - ,^ + 1 . ■ , 

2. Arrange each set of three numhers given helow in the order in which they 
N would appear on the numher line,' reading from left to right. 

(a) 10, 1^,-6 . ' (e) |,'^, f ' 

V ^ -<-h) >,'2, -1^ ' ■ : (f) \, ^, l,vT3 

(c) .-1, -2,^ -3 ■ • (g) -Z'2hy-S,-l 

' . ' • ; (h) -2.65, f ; , . 

•3. Which of the follovlng rational numhers is closest to 

; 2 • ' . . / • ' - 

s * ; ... ; '** ■ • ' /■ 



f;-* * ( e) 



I jU Ordering Iftie Real Nui]a|^s ' x 

. Hie numher*line vhich we have drawn is a? physical model of the set of 
real nuiibers. As we continue oiir discussion of, the real numhera, let^iis te- 
f call seme of the^ properties of the positive numhers. These properties have 

already "been well established* and we want to make certainHshat^ihey are not 
I' ' altered in -any way. 

• The first property ip which we are interested is' the-property o^ order 

• 1* ' 



of the' positive numbers. We know vhap Is-mea.i^it hy "2 is less than !3", In 
tenns of our physical model, this means |4:Kat"'^'''is to*tl\e left" of three- In 
fact, if a an<5l h are two positive numbers, on the number line, and a is to the 
l^ft of b, then a < b (a is less than b)% ; /.• 



. Figure '13 ^ . s > " ' 

As already stated, we ay'e'"^terested in keeping this property over the 
set of ail real numbers. Therefore, our property can riow ^^e stated:^ 

* II • ' * 

If a ar^d b are two real numbers on the number line and 

■ ^a is to thf left of V, then a < b-" . * 

If we consldw, the numbers ->1,8 and r8.3 and tfieir 



on the number line, we note that ^^e point wh(3se- coordinate is -2 .3 is to the 
"Xeft of the point whose coordinate isv Hence, -2.3 < -1.8. 

If ,we are not certain of«^pe position of two numbers on the number line 
]7e,,can be certain that the following propei'tj- holds,* . " ' 



r e lati v£, jOQ§i t ions 



If a and b are real numbers, then exactly^ one 'of the 
following is true: s * 

a<b, a = b, b<a 



This property is called the comparison property and holds for all real 
numbers/ For example, if a = -1,8 and b = -2.3, we have. already established 
that "b < a» 

■■-..'<■ - . 

So far our ordering property has allowed us to compare only two real 
numbers. T6 e;ctend our ability to .order numbers in sets of three or more, we 
introduce the transitive property . 



If a, b and c 6re real numbers and if a < b and b < c, 
»than a < c • 



^ By our definition of the relation < , any negative number is less than zero, 
and zero is less than any positive^ number . Since we have asserted that the 
. transitive property holds over all real nui^^s,- now conclude that any 



>' '^Ti:^g5tiv~e''numBer is less ^an any positive number? 



ThC^ePlMTtive property can also be used in detenning the order between 



two numbers* For example, vhich is less than thi other, 

We notice, after sane deliberation, that ^ is approximately i.97, a^d ^ 
is a^^TOxiM&tely^ 5,«07- , Therefore,, < 5 and 5 < j| : 'frpJ tlie transitive 
property.it follows that 

Iglj- - * 

We can now use this infomation to order the numbers - ^ and - -j^ - Since ' 

'It has 'already been estabUshed that ^ < ^ > 13 

k 66 
yight of ^ ' on the numloer line. This means thpt, ^ .is« farther from zero 

than so - is to the left of - ^ oh the number line, and - ^ < - 

Our last example shows us that if a an^ b are both positive numbers and , 
a < b, then -b < -a . ' 

Exercise 2 * ' 

1* Use appropriate properties to order each of the following pair* of num- 
r bers . ^ ^ 




In the blanks telow, \is'e one of ^«r^sSBte^5^;>^>,, to make a true 

- - ) ■ ■ : ' ■ . 

sentence. f < 

(g) ^^ + 3 ^^Vl'+2 



9 

-"3»^ ' Use the- transitive pixjperty to detemine the ordering of the following 
' groups of *t^ree re^l numbers-. , ^ 

^(^) ^^> h 12 (e) 3^ (3 + 4)2 

. ^ M ' ' (fr - J ;^ 

. ' (c^ 1-7. 0, -1.7 " (g) 1 + 1 + (i)2^ 1 ^ (i)3 . ^ 

^"^^ 15' 15' 15 , — 

'i^. state a transitive property for and illustrate this p;roperty with 
Problems 3(a) and 3(13). 

5» Sandy and Bob are seated on opposite ends of a seesaw, and Sandy's end 
of the seesaw come^ slowly to the grourid*^ ^arry replaces Sandy at one 
end of the seesaw, after which Bob's end of .the seesaw comes to the 
ground. Who is heavier, Sandy or Harry? 1 



1.5 Opposites 



Wien we loaded the beam from below we noticed that it was deflected ' ^ 
downward. The pxilley was u^ when loading the beam from above and this type 
of loadirig resulted in a deflection of the beam in the opposite direction. * 
If we refer back 'to the data we collect edy/n Section 1.2/ we can con^jer the 
amount of deflection that resulted' ^rtien ^qual loads were applied from belOw 
and .from above. What downward deflection resulted when a mass oF\^0 grams 
was hung from the beam? How does thi^ deflection compare* with the deflection 
which resulted when the 150-gram mass/ pulled up on the beam? 

Since we have already developed the concept of i^egative numbers, we c|p 
agree to refer to forces applied in the downward direction^he direction of 
the earth's gravitational field) as positive and f^ces api^ed in an upward 
direction (against the fo'tbe of gravity) as negative. "The effect of this 
force was deflection of the lieam. In order to be^consistent we should Use * 
positive numbers to refer to downward bend and negative nimibers to refer to 
upward bend. 

The answer to our question might now b^e: "A load^ of I50 grams causes 
th^ beam to bend 26 mm while a load of -I50 grams causes the beam to bend 
-16 ma." In either dase the amount of the deflection is' the same. We can 
think of this as a pairing off of* equal diatancesuon'-^he number line from 0 
and on opposite sides of 0. Thus,' -I6 is'at the same distance from 0 as is * 
16. What number is at the same distance from 0 as ^ ^ you choose any 

' V 12 . 



•point on the number line, can ypu find a point at the same distance from 0 

' . * . * • • ' ^ , 

and on the oppofl^.te ^side? 

...'"Sinae l3ie two.nuid"bers in such pairs are on opposite sides 'of 0, it is . 
haturjal.to .call-' thau otposites » The opposite of a non-zero real number is ^ , % 
the other real number, which is* at an** equal distance from 0 on the real number 
line (Figure llf) . Since 'tAere' is no oth^ point that is opposite the number 
0, we* can consider O'to be its oto opposite^ * * • 




Let us consider sane typio 



We have saicft that -2 Is the 



^ ? 'Our discussion leads U3 to 



opposite of 2./ What is the opposfi^e of 

agree that the answer must be ^.L However, the' notation we have used to indi- 
.cate that we .'are referring to theSppposite of a number has been' to place a 
negative symbol to the left of the isymbol for the number. -This means that we 
might refer " to the opposite of - \ aV i) . This ^last symbol would be read 
"ttte negative of a pegative one-halfT N We corfclude then that " | is the 



opposite of the opposite of g 
way- . 



This conclusion can be stated in a general 



For every real number a, .-(^a) = a 



This process of determining the negative of any number can now be used 
to simplify any notation using .the negative of some number. For exami^le^^^ 
-simplify the exi)ression - [-(-5)]^«/ ve consider the fiumber [-(.-5)1 > our 
genea^al rule tells us that 1?his numljer is the same as the num'ber 5» Replacing 
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C^(-5)] v±th 5, /the problem is reduced to - [5] which, of course, is -5 . 

In the last section, the statonent was made that if a-and^b ar6 ioth 
positive numbers and a < "b, then -b < -a. We can now ask about the ordering 
of any two real numbers if we know the order of their opposites., A similar 
argument could b^ used with two negative numbers . For example, we know that 
.-10 < -7 . Th^ opposites of these ikaal^rs ase io and ?• We see^that this 
■ property holds In this situation since 7 < 10l\ There is one other case we- 
should consider. Does this same property apply -when one of tHe 'numbers is \ 
positive and the other negative? Any negative number is less than any posi- 
tive n\kber, so - ^ < 2 . The opposites of -these numbers are'^ and -2. ^The 
jorder relation between positive and negative ^numbers ^till applies; hence, 
we conclude that -"Z < ^ . Again we note that this property for the oitiering 
of opi>osites holds. ' The general statement of . this ph^perty is: ' 



Foi^ real numbers a and b, 'if a < b, 
then -b < -a . 



2. 



' ' tbcercj,se 3 

Simplify each of the following expressions. 



(a) , 2) . - 


" ■ (-g) 


-(2 + 5) +15* 


(b) -C-2.3) ' 


. ' '• ' .' (^) 


-(7 - IQ)' - i' , 


(c) -(U2+,0) 


I ■ (i) 


-(3 X It) + (-3) 


(*)' -(3.6) -■ (2A) 


" . ' <J) 


-i:-'(-5)] +5- - ■ ■ . 


(e) -{k2 X 0) - ' • 


(k) 


-(-7) M-("-7)l^ • 


(f) -[-(-Ml • 


. • ; (1) 


-(-3) + [-(-3)] - [-(-3)] 


What kind of number is 


*x if .X is positive? 


If X is negatives If . 


X is zero? 







What kind of number is x if -x la a positive numb^r^? If -x is a 
negative number? If -x is ze^t' 

(a) ^ Is every real number the negative of some reai number? ^ 

(b) Is the set of all negatives of real numbers the same as the^ 
set of all real numbers? • ' 

(c) Is every opposite of a number a negative number? 



"For each of the following pairs, detei^n^ne vhich is the gre&ter number-. 

(-•b) -12,' 2 , (gT 0, ~=0 ■ • : , ' 

M ..-358, -762 ■ . - . . (ht -0.1, -0.01 '. : . : 
(-4) "-1, 1 ^ ■ . (i) 0.1, 0^^' 



U) -370, .-121 

Write .true sentences for the following numbers „ and their opposites, \ 
u^ing the relations or 



.'Example: For the num'bers 2 and 1, 2 <1, and -2,>'-7 

{\>) ^, -It . 

(c) . . . ^ 

'(d) 3( J 4 2)/fi20 + 8) ^ ^ 

(e) ^{^), .2 " ^ . ' . 

(f) ^ [(3 + 17)0] , - [(5 +^0)31 ' . - 

Let us write in^ " for the phrase *Hs further from 0 than" on, the real ^ 
num"ber line. Does "iri^ " Jiave the ccmparison property enjoyed ^)y^ ">^*; 
that is, if a and are different real num'bers, is it true that a 'ATi "b 
or "b^-n a \)ut'not \>othl Does " iti^ " have a transitive property? For 
^whicfi subset of the set^f real. num^)ers do "*-n " and •'*>" have the same'' 
meaning? ^ , . . ' * ' 

Translate the following English sentences into mathmatical expressions, 
descri"bing the varial]^le used: ^ / ' - 

(a) The load on the' "beam %a greater than 100 gram^ What is the load? 

^(b) !Ihe' deflection of the* "beam ^was no more than l8 mm up* What was the 
' deflection? ^ 
(c) Paul hung 30 grams from- the "beam, "but Jim added ^mg3;:e,.,th^ 60 grams 
to, the load. What was the load?" ^ y 
Change the numerals and "- ^" to foms with the safae denominators* 

(Hint:. First do this for ^.and ||.) What is the order of - and-^ ? 

^ (Hint: ' Knowing th'a order of || ^d what is the. srd^ .of their^ ^ 

r " opposites?) 
Now state a general rule for detennining th^ order of two. negati've 
4 rational numhers. * . 



1*6 AbBolute Value '--'' \^ 
Several times our discussion of 'deflection of the ."bending b^am-has—rte-.. 



f erred to the $ame amouat of deflection in either direction. Sometimes it is 
convenient to consider only the amoiint vith no regard to direction. In order, 
to do this, ve want to define a new and very xiseful operation on a single real 
numher: the oper'ation of taking' its absolute value. 



The absolute value of a non-zerp real number is the 
greater of that number and its opposite* The absolute, 
value of= 0 is 0. * 



By this definition ve can now state that the absolute value >jDf ^ is 
because the greater of h and is The absolute value of - ^ is ^ . (Why?) 
Whatsis the absolute v61ue of -17? Which is always' the greater of a, non-zero 
number and its opposite, the positive or the negative > number? We have already 
established that all positive numbers are greater than any negative number. 
^ This then forces the absolut^alue of any non-zero real number to be a, posi- 
- - -tlve TTumber* ^Rie syrabo^e use to indicate th'eVabsblute value of a number 
n is |n|. For example, - • • ^ 

': , ; ' ^ = K =|, i-^i = ^ . ■ > 

^ If we look' at these numbers on the real numb'er lin^ and consider their 
» absolute values, we can conclude th^t the distance between number and zero ' 
is the absolute value of the number*. 

We note that for a non-negative number ^d zero, the absolute value is 
the number itself. That is, ' ^ , ; - • ^ 

For every real ntimber^x -which is 0 or positive ^ (x > O)-, 

^ ' |x| = X . • . - . . . 

What can be said of a negative nUmber and its absolute value? We have^ 
already stated that the opposite of a negative number is' greater than the 
negative number. We also note that^his number can be referred to as the ' * 
negative, of the pejgative number. Our definition of absolute value tells us 
'^^^hat I75I = -(-5) but this number is $. This leads us to conclude that: 

For every ne^alilve -real number'x, (x < O), ' 
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' We can now restate tlje definition of absolute value as follows j 



For every positive real number x, 



For 0 = X, 



|x| « X , 



Tor every' negative real number x, 
' . „ • |x| = -X . 



Exercise k 

Find the absolute -vaiuea'lofjtti.e following numbers: 



(a) -7 

(h) ^-(.-3) 

(c) (6 -k). 

(d) -Ih + 0 

(e) -do -8) 



(f) * -(-(-3)> 

(g) ' ihxo 

(h) . {h + 3) - 7 

(i) '-.[-(-5)i * 
(J) [5(3 - 2)]' 



•For a negative nipter x, whiclT is greater, x or |x|' ? 
^ Which of .the*" following statements are true? 

"(a) |-7| <3 " ■ ■ . 

(b) |-2| < |-3| 

(c) .|M < 111 

(d) -2;t|:3| 

Simplify ea<ih of the followingji 

(a) |2| +.|3i ' 

(b) |--2| + |3| • \ 

(c) -(|2} -+ iSl)- 
' (d) -(|-2| + |3|j 
. (e), |-a| - (7 - 5) 

(f) 7 - i-3k'- ■ 

(g) |-5| X2 
.(h) -(,|-5| - 2) , 

(i) i-3| - |2| ■ 



(fe) '-3 <; 17- 

(f) -2 < - |3t 

(g) |>^|.>|-M 

(h) |-2|2 = 1^^ 



• (J) |-2| + |-3| • 

(k) -(|-3| - 2) 
<Xli' -(|-2l + l-Vl) 

(m) 3 - |3 - 2| 

(n) '.(|-7| -6) 
(o) |-5| X |-2| 

(p) -(f-2| X5) 

(q) -(|-5| X,h2|) 
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' ^ .-1.7 Aiditlon of Real Numbers 



Let us now return to our experiment with the bending beam. We will , 
use the «|uii3ment as described in Section 1.2 and illustrated in Figuire 5» 
However, this time we will vary our loading technique and record the re*- 
suits *h'B slightly different manner: - ' ^ ^ * ' % * 

We.wi^f use. th^^ame reference ^ich has already been developed in 
this chapter. All positive loads indicate that thd^masses are hxmg from • 
the beam while negative Itads indicate that the masses acted on the bejam 
in an upward direction with the aid of the pulley* You should record down- 
ward deflection with positive numbers aiid upwaM .deflection with negative 
' numbers; * * , . * ' ' , 

. We will make five different trial runs under varying load conditions. 
For Trial 1, fiVst load the beam with a 30 gram load and record the deflec- 
tion reading. Replace the 30 graiii load wjth a 20 gram load, and record 
this new deflection. Now add the 30 gram load to ^ the 20.|^ram load and 
again record, the resultant deflection. Now remove the^e^masses from^he ^ 
beam and load it with a 50 gram mass ? ^Figure 1^ illustirates a data ta'ble 
similar' to the one you should make for recbrding the results of your e^- 



• /pin 



periment . 



>1 



Trial L 



Load< 


.Deflection 


(grams) 


(millimeters) 


30 




20 




'20 + 30 




50 


*> 



I' 



X " Pligure 15^ 4s / ^ • 

^ • > w 

Now repeat the -experiment- for Trials II, III, JV and V. Use Jihe loading 
order indicated in each of the following ,j:ables illustrated in Figure la. 
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• Trial il 



Trial, III 



Load 
(gramp) 



-30 
-20 

(-30) +'j(-:20) 

r 50 ' 



Peflecti^^ 



(millimet 



__L 



V '^'^ '1,, ^ 



1 

Trial 'IV 





"Load • 


Deflection*- 




^(grams) 


(millimeters) 




' * 200 • 


—7 ^^^^rrr 




-ioo , ' 


? A' 




200 + (-100) 


« 

' • .♦ 










\ 


f 



Load 
(graitts) 


Deflection 
(millimeters) 


'200. • 




•-20Cf- ; 




200 + (-200) 






■ J" 




. ^ Trial ' ' " 


Loacf 
(grams) 


Deflection ^ 
(millimeters) 


-200 




' 150. 




150 + V2OO) 




"-50 





a; 



I!igure 16'^^ 



Ifet us nov consider the resxilts of Trial i. Let us call-this 'table a 
"physicfi^ model" of the "bending beam"' sinc^ this table* helps des'oribe^ the 
physical &itufition vhibh we observed when the beam was loaded and .unloaded* 
Srcm this^ "physical model" of the experiment ve wish^o describe a "mathema- 
tical model" for the experiment- Oiir "jnathematical model" \rould.^ve us an 
accurate description of the experiment if ve could be absolutely sur.e that^ 
no errors in measuranent were possible and all of the equipment behaved in 
an "idear^^maimer. The "mathematical model" which does s.atisfy thtp idea\ 
situation is. the operation of 'addition of the real numbers. . ^ 

- > • . fe^ve $^e the deflection for 30^ gr^ms and add to this 'the defreci.tion 
for -20 grams, ve get a result which is "ideally" 'close 'to the deflectidn fof* 



50 graxtts. Suppose a 30-grain Ic^ad caused a deflection^of 3 mm, a 20-gram load 
a deflection of 2 mm and a 50-gram load a deflection qf 5 mm» On the scale 
ve observed that the pointer first Vent from 0 to 3> and.tlien fran 3 it moved 
two more units in the positive direction, ^e sum of 3 and 2 is 5 • could 
also, picture this as addition on the number line as illustrated in Figure 17* 



' 3 



^ ' r . Figure 1? f 

■ ' : ^ , • . . ^ / . ^ ; 

iniis example reminds us of something we already know: To add a positive 
,number ,to a 'positive number, we move to the right on the^numh^r lin^, Wh^it 
happens on the numb.er line when we add a negatiy^ number to a negative number?^ 

In- Trial 11^ the loads were all directed up arid the def lemons Vere in 
^ the same direction. It the^e deflections are the opposite of those^ in 
/Trial' T, we now observe that^(-3) + (-2) = -5 (Figure l8),- ^ ' 



0 



-5 



-3 



* .^gure l8 • . ' ' 

and to ^dd a negative number to a negative number, ve move to the £eft on ' . 
the number line. * * ' . , . * 

« 

• Our next concern is whet happens on the number line when we add a posi- 

. tive niitoer and a negative numbed. Trials^ III, IV and jr-give,us^j55q)erMental, 
illustrations of *this type of addition. 

Jf^ our- experiment followed- the pattern already fpdicat'ed. Trial III 
would reveal equal positive and negative deflections^ Since positive Ao'ads 
0 give downward deflection and negative load,s"\ipward deflection, we observe 
that adding a negative load ^:o a. positively-loaded beam reverses the direo- 
^ion in which the pointer had moved. In this particular case, the^ amount 
- Qf deflection shotxld have been about the same for each ir^ividual load. In 
other words, the -two deflections had the same absolute value^and the final 
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position on the pointer would "be the 0 mark on the ^cale. - ^ 

In itial IV, the positive deflection was greater than the negative de- 
flection. Hence, adding the negative number to the positive number gives a 
positive' result 'Which is equal to the difference between the absolute values 
of the two deflections.^ For example, we co.uld consider 20 + (-10). On the 
number line this could be illustrated by going fron O^to 20 (a distance equal 
to |20|), then reversing direction and gping a distance equal to ilo|. This ^ 
is the same as the operation of subtraction in arithmetic, and yha^t has^hap- 
pened is that we have subtracted 10 f rom 2p to get a final result of 10. , ' 

Trial V is similar to 'ferial IV, but since the negative deflection was 
greater than the positive, deflection, the final deflection must be negative. 
I^gure 19 illustrates the addition problon -20 + 10 and 10 + (-20). In both 
cases the final result is '^lO. Again we notice that the result can be found" 
by; taking the difference between |-20| and, |lo| . However,, in this case 'the 
negative membe;* has a greater absolute value \han the positive/nimibei* and our 
"bending beam" model indicates that the end^ result should be negative. 



+10r 



-20 



-10 



-20- 



-+10- 



-10 



10 



Figure 19 



Let Us see if we can 



We^have now. described^ th,e, motion in all cases 
learn to say how far we move. We want to find tKe simi of a and b, on the 
number lin^. Fi2;st we move |a| units fron zero^ to the right if a,> 0, alld 
*to the left if a < 0. From point a we now move |b| units to the right if ^ 
b > 0 and to the left if b < 0. .Check this procedure u^ing the data recorded 
for Trials I through V (Figures 15 and l6) . 

When we add two nimibers, though,. the- habit of using a nimi- 

ber lir/e to find the siim. , If we add two positive numbers, we merely fall back 
on otir knowledge of th^ addition facts of arithmetic^ I.e., 1+ + 6 = 10. 
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However^. vhfft lis the sum. of two nega'tive numbers? For examj)le, what is 
"^"He^ave'fotmd, on the number line, that 

'•::^rf ^ ' ' ^ (-1^) + (-6) =: (-10) • ' ■ 

Wwish to think a hit more carefully about just howve refendied (-3,0), We 
h^in by moving frcm 0 tQ (-h) which is to the left of ^ "Distance l)etween 
a number and 0" was one of the meanings of the absolute value of a number. 

iiS3.-;^hi-dtet?^^ O'and^C^if)' is^t-U| .~ Of course' we^realize^ffiat*^^ 

,is easier to write h than I'-h], b^t th*e expression \-h\ reminds us that w«^ 
^were thinking of "distance from 0", and this Js worth renonfiei-ing at present. 
\fe next add (-6) by moving a distance Of |-6| to the left. *!Efiis results in a 
""new position which is at a distance oi 10 units in a hegative direction from 
0., HeAce, {--k) + (-6) = + |.6[) = -10 • 

^ You can ;:eason?bly ask at this point what we 'haVe accomplished by all 
.this « * We have taken a simple expression like {-k) + (-6), and made it look 
moi#^omplicated! Yes, but the expression -{\-h\ + |-6|), complicated as it 
l<^s, has one great advantage. It contains only operations which we know 
how to do from previous experience ! Both \'h\ and |-6| are positive numbers 
; and we know how to add positive numbers. The sum •*( |-6|) is th^*nega- 

, of the sum of two positive numbers, and we know how to find that* Thus, 

have succeeded in expressing the sum of "two negative numbers. , Prior to 
'this we Jiaj just a picture on the number line for this sum. ' *' ' * 

• Think through (-2) + (-3) for yourself, and see that by the same reason 



(-2) + (-3) = -(|-2| + 1-3|) = -(2 + 3) ■= -5 . 

^ From these examples we see that the following defines. the sum of two 
positive numbers in terns of operations which we already know hov tp do. 



Ihe sum of two negative numbers is negative; tlie 
absolute value of this sum'is.the sum of the absolute 
values of the numbers. 

In general, this statement ^becomes: 
If. a^and b ^re both negative numbers, ^then . 



a + b 



-i|a| + hi) 



So far, we have considered the sizm of two non-negative numbers, and the 
sum of two negative nimbers. Next we consider the sum of two numbers, one pf 
whloli is positive » and the other negative. 

If we refer "back to Trials III, IV and V, we note tia^i the directi^ of 
the deflections was reversed. Ihis suggests* the operation of finding the 
..'^difference "between two numbers of arithmetic. We can verify that 
^ (-T) + 10 = 10 + (-7) = 3. We get the same result if we take the difference 
^ between the absolute values of these numbers and canpare th*e order of their 
fi^BSoIftt^ values . In this case, |lo| >1-7| and, ther.efore, the final result 
^lmlst "te a positive number. So^ • 

-(7) +10 = |io| - |-7| =10-7-3 

On the other hand, had we chosen to find the sum, 3 + (-8), this is the'^ame 
as (-8) + 3 or -5 . Again we have taken the difference between the absolute 
vklues of these numbers and compared, the order of their absolute vklues. Ihis 
final result ^lust be a negative number s ince 1-8 1 > |3| • S-q, 

. 3 + (-8) = -(|-8r- |3|) = -(8 -3) = -5 ' 

' From this it appears that the s\im of two numbers, one positive ^d the other 
negative is obtained as follows : . , ^ ^ ^ 



The absolute value of the sum is the difference 
between the absolute values of the numbers. 

(a) The sum* is 0 if the positive and 
negative numbers have the same 
absca.ute value. ^ ^ * 

If a > 0 and b < 0 and la| = |b| , then 
a + b = (|a| - |b|) = 0 . 
; (b) The sum is positive if the positive 

-timber"" has tKe "^greater^ absolute ^alue . ' ^ 
That is-, if a >,0 and b < 0 .and |a| > |b|, 
then, ^ ^ • - 

* a + b = |a| - |b| . ' 
(c) The s\im is "negative if the negative number 
has the greater absolute, value. 

^ T^If a > 0 and b < 0 and |a| < jbf, then 
^ a + b = -(|b| - |a|) . 
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7 + 10 




7 + (-loy 


(c) 


U3 +;(-7) 


,(d)' 


(-10) + c-7) 


(e) 


10 + 0 , 



/ . , Exercise 5. i ♦ ' 

1. Perfom the indicaj;ed additions on real numbers, using ''the number line 
^ aid you. ' ' 

(a)' C-6) + Cr7) ' , (f)^ (25) + (-73) 

(t)' (7) + <-6) : ' (^) '5|.+ 2| - ■ • ■ 

(c) ^ (-9) +^(5) ^ - (h) (-2) + (-7)* 

(d) 6 + (-1^) i . (i) (-4.^) + (-1.6) * 
(eT (-8).+ (8). ' . ■ - (j|) (-3|) + (2|) 

2. Tell in your own Wrds what you do to! the two gjUven numbers to find 
their sum* ' * ^ ' i * 

.• • - . . ^ . ' . 

(f) 0 ■t:_(-7) • 

(g) 7.' +..1-10 1 
' (h) ' |7| + (-10) 

: (i) |7 + (-10)1 ' • 

• (J) (-l-lo'|).+ J7| 

3- In each of the folJ.owlng, 'find the sum, first accoixling to the deflni- 

" tion, and then ty any other, method you find* convenient. * 

. • ' • ' , 

(a) (-^1+3 • (e) l8 + (-lU) 

' 

-(b) (-la) + (-5) ' (f) 12 + 7.U 

^{;c)-(- 1) +,0 ^ (g) (-|) +^5 • 

- • ' .(d) 2 + (-2). " ' '• (h) {Sp) + (-65); 

In the cotffs^of a week t^he vai^Jations in meaU temperatwe from the 
seasonal normal, of 71 were -7> 2, -3, 0, 9, 12, -6. What were the ^ 

mean temperatures each da^ What is the sum of their variations? 

' - ' i . . J ^ - J . . ^ - 

1.8 IThe Real Number Plane ^ ^ 

We have talked about a coordinate system on a number line, such that 
evety real number is associated with exactly one ypini of the line. Now i^" 
us draw two number lines which are perpendicular to each other. It is not 
necessary that these two nmber linee be perpendicular to each other, but 
this is the type of coordinate system in a plane which weoare most likely 
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to see and U0e. Since the number lines are perpendicular to^ each other, we 
f:c'*'wi-ll cSll this a rectangular coordinate system * 

We vill take the intersection of thes6 two lines as the origin of the 
coordinate systems of "both lines . Each niMber line is called an axis . We 
,call the axis ^ich extends acros's the pape;: the horizontal axis and the 
other axis the vertical axis. The plane determined by tlilse tvo axes is 
called the coordinate plane . Let us agree to place the unit point on the - 
horizontal axis to the right of the origin and the unit point on the vertical 
aids above the origin* ' Coordii^ates may now be assigned to all points on 



each axis (Figure 20) . 
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Figure 20 * , 

Consider a particular point, such as (Figure 21a)/and suppose that a, 
vertical line through Q cuts .the horizontal axis in the point whose coordinate 



is 3- 
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Figxire 21 



Let us also suppose that a horizontal line through Q cuts the vertical axis, 
in the point^whose vertical coordinate is 2 (Figure ^Ib). We can us^ this 
infoimation to define a coordinate system in the coordinate plane. We' say- 
that point. Q has a horizontal coordinate of 3 and a vertical coordinate of 
2. Any point on the c6ordinate plane can be located if we know its coordi^n- , 
ates. Each point has a pair of numbers associated with it. The or^er in 
which we write these numbers is important. We write these placing the numbei* 
found along the horizontal line first, and the one found along the vertical, 
line second and enclosing them in parentheses. We have assigned to Q a first - 
number^ 3; and a secopd number, 2, and we think of these as an ordered pair 
of numbers, (3,2), belonging to Q and called' the coordinates of Q. ^ ' , 

• , ■ ^ / ' • \ 

In describi:ng the location of a point in the coordinate plane, it is con- 
venient to sp'ecify the portion of the plane in which It lies. The horizontal 
axis and the vertical axis divide the plane into four regions. Each of these 
regions is called a quadrant. ,The first quadrant is the set 'of all points whos 
horizontal and vertical coordinates are both positive. The s econd quadrant is 
the set of all points whose horizontal coordinate is negative^ and whose ver- 
tical coordinate is positive. The third quadrant is the ^et of all points, 
whose horizontal coordinate and vertical coordinate are both negatiy'e. Th,e 
fourth quadrant is the set of all points whose horizontal coordinate is posi- 
tive, and whose vertical coordinate is nega^ve. We denote thes6 quadrants; by 
I, II, III, IV (Hgure.g2). * , , ' 
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Figure 22 



If "both of the^cpordinates are zero, the point is the origin^ If the horizon- 
tal coQxdinate is zero and the vertical coordinate is positive, we say that 
the fijoint is on the positive vertical axis, •'but if the vertical coordinate is 
negative, the point is on the' negative vertical axis» In a similar manner, 
if the horizontal coordinai^e is positive and the vertical coordinateris zero, 
the point is on the positive horizontal axis; with horizontal coordinate nega- 
,tive, vertical coordinate zero tells us that the point is on the negative 
horizontal axis. - 

Example: Plot on a coordinate plane the following set of points: 

, ' {(2,1), (3,-1), (-?,0), (-i^,3)}. State the quadrant in 
'^Jhich each point falls. '* ^ . 
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Figure 23 
Exercise 6 

Plot the fieJlloving ordered pairs of nianhers; write the numher of the 
quadrant hr the position on an axis dn which -you find the point repre- 
^nted by each of these ordered pairs. • , 





(3,5) 


(g) 


(-3,'-l) 


. (m) 


(2,-M 


(b) 


(-5,1) 


(h) 


(7,-1) 


. ' (n) 




(c) 


(1,-'^) 


• (i) 


(8,^) 


(o) 


(-3,0) 


U) 




(J) 


(3,-2) ' 


(p) 


(-i^,-5) 


(e) 


(0,0) 




(-3,-5) 


(q) 


(-1,2). • , 


.(f) 


(a.5), 




(-1,^) 


(r) 


(3,-l> ■ 



(a) Plot on a coordinate ^plane the folloving.set of points: " 

{(0,6), '(-1,0), (-2,0), (2,0), (-3,0), (3,0)}; ' 

(b) all the points in this set seem to lie on the same Hne? 

(c) What- do you notice about the vertical coordinate fox each, • 
of the points? ' ' , , , 

(a) Plot the points in the following set. , ' * 

{(0,0), (0,-1), (0,1), (o,-2), (0,2), (o,'-3), (o,3)n ' 

(b) Do aH the points named in this sfet seem to be on the same 
" ' ^^^^ 

(c) Wiat do you notice about the jjorizontal coordinate for each 
^ of the points? ^ ^ ^ j 

(a) Plot the points in the folloT4ng set. 

- {(0,^(1,6), (2;h), (3,2), (U,0)}.. \ 

(b) Do all the points named in this set sean to lie on the same^ 
line? 



1.9 • Summary • ^ - • , 

' In this chapter ve used a "Loaded Beam" to develop the negative number^. 
The experimental results gave us an intuitive understanding of Absolute value 
^ and the addition of ireal numbers. . The liunibei* line. was extended* to include *the 
nei^ative numbers and used as an aid in addition^ The nu^iber line was al^o 
used to extend the property. of ordering for all real numbers. 

Finally, we moved from a coordinate system on. a number* line to the real 
number plane, coordinate systan^for. the plane- was deyeloped and we learhed 
to associate ordered pairs of numbers with points on the plane. ' ' 
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Chapter 2 

KinE)a>ERIJffiNTAL APPROACH ^TO' LINEAR FUNCTIONS 



\ 8TI~" Jgear Number Generator 



' The previous experiment with the loaded be^m made it possible to' ' 
"generate" the real numbers. Now we want to construct, a "sinmle" real num- 
ber generator whic' we can arc to demonstrate more properties of the real 
nutober system. Tnis device will mnke it possible ta "turn" a real number. 



. Take a one-foot piece of ^ - inch threaded rod with a fitting hex nut 
and washer. Glue the washer to the hex nut and thread t^e combination on 
tte rod. Support the rod with two transparent tape holders and modeling 
clay/ as shown in figure 1. 




Figure 1 

Ilie "indicator" is the washer glued to the \hex nut. Place masking tape 
on the faces of the hex nut. Move the indicator by rotating .^t until it i& 
in the approximate center of che ruler and one face of the hex nut is in a 
level position. Mark this face of the nut with the numeral zero. Make a 
mark on the ruler opposite the .edge of the washer and label it with the num- 
eral zero also. The mark on the ruler shqulji be Ipgated eyeij \{ith .the plain 
face of the nui-washer combination (Figui*e 2a).* We have arbitrarily chosen 
both the point and the face ^or zeros. o ♦ 



RULER 



. , ROD i — 




ZERO 
MARK 




INDICATOR 



'.ay 



ic 



Figure 2 



Now rotate the indicator halfway (to the third face following the one' marked 
zero)' and mark this face i (Figure 2b). Now as you rotate the indicator you 
^ can see that each face represents ^ of a, -turn. Each full rotallion of the 



indicator could be chosen as our arbitrary unit 9f displacement. However, 
this unit would be very small so let us choose ten turns to equaL one unit. 
''!I3iis will give us a decin^l system similar to our monetary system and the 
metric eystem. ^ Since there are six faces in pach turn and ten turns to the 
unit, there are sixty faces to one'^unit. * . * 



f 



,$_fa^v ;^ /lO 
^1 turn ^ ^ 



6 faces X 



u turn 

, 6 faces 
U unit 

/ 6 faces 
^1 unit 




\ ( 10 turns \ 
i ^ ^ 1 turn ^ " 

6o faces 
1 unit 



) X (10), = 



' 'This should remind us of the way in which we count time by sixties (i.e., 
sixty seconds is one minute or sixty minutes is one hotir). 

' Begin at zero and move the indicator to the right. Each time you com- 
plete ten turner and the face of the hex nut marked zero is on top, mark the 
ruler before. After you reach the support at the end return to zero' and 
ifiove the indicator , in the same manner to the left. After you have -marked off 
units to the left of zero, return the indicator to zero. Now label the marks 
to the right of zero with positive integers (l, 2, 3, ...) and the marks to 
the left of zero with the negative integers (-1, -2, -3, We now have 

the scale^^rked with the^ integers as in Figure 3 -(••• -3> -2, -1, 0, 1, 2, 
3> •••')• - * ' * . 




Figure 3 
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. . , , ..-^ ... - ERRATA shi:et ,' , ' . ' 

Mathematics Through Science Part III. " Student Text (revised) \ ' 
(Tbe followilig materiai~wli"s omitted from the^text. It fol]\pws page 30.) 

The marked ruler is the physical model op our number line. The 
indicator on the threaded rSd makes, it pos^slble to "turn" or generate 
numbers. Since ten ,tuTns of the indicator generates our unit) one »uni1; 
to the right is 1 and' one unit to the left is -1.' Then one turn of the 
indicator to the right generates 0.1 or which is a positive r^ational 

number > Onerhalf tu-rn^o«'the indicator to the le'ft from zero generates 
Tp.05 ox ~^^^*^^hich ^a negative rational number. A sixth of a turn^ 



(one face- -on the unit-)^ to the right o£ zero wil>- generate or 
0.0X666. ^ ' ' ' ^- 15 . 



^ Turif the indicator 12 — turns to the right tkiffl-find vhat rationa:!- 

number is generated. discover that it is between 1 (ten^turns) and 

* \ ^ *^ 6 fa ce s 

' 2 (twenty turns). Since two turns is 0.2 and — is k faces. 

3 1 turn ^ 

our rational numbey coj^d be repres^;ted -by I + l/5 ^*k{l/6o) or , 

1 + 0.2 + ^(O. 01666, ,.) . This same number can be represented as 

• 15 

(Check t^he arithmetic yourself.) ^ 



Exercise 1 



1. How many turns of the indicator are necessary to generate the^ following 
^numbers? 

a) 3 ■ c) l.k e) .5.'»5. 

. b) • '; d) -2.8* ^ ■ f) 



2. How many face changes of the hex nut from the zero poiijit will generate 
the folle)\/ing numbers? * , 



. a) 
. c) 



2 

-3' 



33 11 



e) 



, 7 
12 



X. 



' - 15 



1) -7^ 

m) -2 



10 
1 



10 
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3. What numbers would be §enera1;ed by^the follow^tig numbeas^of turns of)^ the 
inaicator? ' '' i-' ' 

' ^ • c) Right 95 0^ e). ,Ritht/'J7 I 

' - ""V ' ' ^ ' ' /I 

.bUWt. .15-n-"^'*:^-, .4;)-, Left ijf - « , t%-Ler/t 2-3^, 



a) Right 35 



1 



.What numbers would be generated by the following n\imber of face changes 
'from- the zero position? ' * • ^ * 



(a) .Right 90 

(b) Left. 45 



--' (c) teft,256' - 
^.'xVSiS .Functions and Relations 



(d) , Right 156 . 

(e) lieft 512. 

(f) Right '316 



r-' 

p.' 



li'e can continue to-^jea^orm -the experiment, lliere isi a correspondence 
:between the numbers on the scale and either the number of turns of the indi- 
cator ^or the number of face .changes. Let. us consider a *set 6t ordfered pairs 
such tHa|;^...^ny first element of an ordered pair i.e the displacement from the 
^j,/-^,2;ero po^nt, "and any second dement in ^n ordered pair i§ the number of /turns 
^ * of the indicator which generated the displacement. Let S represent* an ele- 
ment of the first set, and T an element of the second set. Th,e ordered pairs 
W^yJ^f'^^ represent our'^correspondence. The zero point on the scale corresponds 

to the zero mark on the indicator and (0,0)*^ represents this correspondence, 
^1 We already have many other ordered pairs from the previous discvLssion,*. such 
^:Vafi. (ijlO), (-1,10),. (^,,|) and ^) .! -F^nd six other ordered pairs 

and plot, them all on coordinate graph paper # ! Label thdP horizontal axis, S, 
and the vertical a3Cis,»T. 1 



14'' 



. . You will notice that the^set ^of points plotted on the graph paper are 
arrangeci In such a way,^hat they suggest straight lines *^ In fact, they ""ap- 
pear to be a pair t)f straight lines meeting at the origin* Draw the^, lines 
that beat fit your data* |fbw we have another jphysical model of our corres 
;p6ndence. 



t\ . *v ,*Once we, have decided to depart from the experimental "facts" and draw 
T Btralght~lines to represent our data', we have, a graph^^'simiiar .to ^'igure %. 



m 
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Such a graph exhibits a "relation" 'between the numbers S and the'nt&ber. 
Of turnb>!r. In all relations there are three essential features: a domain, 
a range and some "rulg" which wiH.tell us when an elenij^nt of the^ domain and^ 
an element of the range satisfy the relation. This "rule" does not have to 
be a simple algebraic expression. It sometime's can be only a list of arbitrary 
pairings with no underlying pattern. In fac€, we define >a relation to be a 
set of ordered paii^s. The set of all the first elements in the xjrdered pairs » 
of ^ the relation i,s called.the domain- of H^ elation and the set of all the , 
second elements is called the ran| yy , ' 

' In ah experimental setting," the domain is usually limited by the physical 

arrangement the experiment, e.g., in the previous chapter theihmount of 
• , % ' - - 

% !^ "loadv we could hang on the beam and in this experiment by the length of the 
* - * \ 

threaded rod. ;Ogce the domain had been fixed/we then determine the ra'hge 

experiiSentally. Wi^1i the a"id of^a^T^pb we can search for a connecting link 

betweefn the domain and the range". we* can find such a connection, we may 

be able to use it to "generate" elements of thQ range which correspond to ' 

given fj^m^ts in the domain. ' ' ' 

In the graph of the relation which we found in the number generator ex- 
periment (lUgure h) we can see an iii5)ortant feature. Each element- of the 
domain has associated 'with it exactly one element of the range. W be spec- 
ific, for every number on the scale there is only 'one number representing 
the number of turns of the indicator. This type of relation is of special 
importance in mathematics, tt is called a fxinctioh . A relation a function 
if for each fjLrst element in^the ordered pairs there exists exactly one second 
element . 

Our investigation has shown us that what we really have is a functional 
relation whose domain is all numbers from the scale used in the experiment, " 

and whose range is the number of turns from zero. When we draw a continuous 

V 1 \ i ^ > , ^ ^ - - - - ^ - ' - - ^ ' ^ ^ 

line on our graph, we are expressing the idea of continuity of the relation. 



Now the question is whether or not the graph is actually a representation 
the functional relation. We can answer the question in the af fixative if 
we can satisfy ourselves op just one more point. Does the graph show that 
each element in the domain has%xactly one element in the range related to it? 

, ^.answer this question, ve must learrf ho^^td find the related elements 

of the range if we are given elements of the domain. We shall illustrate thip 



* prpcedure with an exan5)le. Figure 5 shows a st3^ight line gra^. 
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Figure 5 



As you know, any point on this line can be represented by an ordered 



f-^r pa£r.(x,y) which expf esses «66 hotizdntal and'iieffclcal coordinates, respec 



i 



tively, ojf that point. * We take some point on the x-axis and from this point 
ve. draw (or imagine) a vertical* line. We now examine this line to determine 
how many intersections it has with the graph. At each point of intersection 
^^"with the graph we have hxi ordered pair of the relation. If the line inter- 
'ilz.^ sects the 'graj^iiftm exactly one point, we' know that that particular element 
in the domain j>as exactly one element in the range related to it. If every 



possible vert^al line drawn from the elements in the domain intersects' the 
W. . graph in exactly one point, ther^^ery element in the domain has exactly one 
element in the range, related to it and this relationis ^ fuhctiodr 



Suppose we R:e given .the pointy whose x-coprdinate is 3 and we wish to 
.,find the related y-coordinate. Draw the Vertical line whose x-coordinate 
^.^^.^ ^ 1 a^d cons^er the point at which -fihis line intersects the grai)h. JKrom ^ 
£.^,.this point of intersection we draw a hori2ontaI'line, extending it, ititurn, 
until it meets the y-axis. Olie value of y at this last point is the value 
' ' related to x » 3» Ihe sequenqe of .steps is shown in Figure 5 by dashed lines 
and anpwheads. We note from Figure 5- that f or x = 3 i^e get ^ ^Thus, 
the ordVr:ed pair (represented by the point Q in the figure) Is <3,^) ati^ we 
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, have found the unique element of the range which is related to a given element 
of the domain. - 

Now let us apply this procedure in getting an answer to the questions we 
posed. Is the graph of Figure h the graph of a function? The elements of 
the domain of our scale-turns relation Are plotted on the S axis (horizontal). 
;and the elements of the range on the T axis (vertical). Start with any point 
on the horizontal axis and from it draw a vertical line to the graph. ,5^om 
,the point of intersection draw a horizontal line to the ^rtj .cal axis. Clearly, 
any vertical line you could draw intersects the grap^ at only one point and, 
therefore, any value in the domain ha.s^ related to it a single* ^value in the^ 
range, lluis, the graph represents the functional relation. (See Figure 6.) 




Figure 6 



^•3 Face - Scale Relation * . 

L6t us collect another .set of ordered pairs from the numher ^generator. 
For this set of ordered pairs, we will let the first, element "be the number of 
-facer" changes- :from the zero- position an^.the second '^element Tae the correspond- 
ing number on the scale. liet us represent sucii an ordered -pslir "by (F,S) where 
F is the number of face^^changes, and S is the number on the scale. The ordered 
pair (0,0)' and the pair (6o,i) jare bpth ±r} this set or ordered pairs. Find 
eight members of this new set. Graph' this set of ordered pairs! Label ipe , 
boi^izontal axis F and the vertical axis S. Your graph will look .something 
like Figure f. . . ' 
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tlust as before, we can connect these points by straight linQs". Every 
1*91 number S can be obtained by some Cpossibly fractional) number of face 
changes. Olhus, the graph of this relation will be similar to the graph shown 
in Figure 8. Is this the graph of a. function? Let us appl^r.the test dis 
cussed in the last section and see* Start with any point, in the domain an^ 
•^draw a vertical line to the graph. 
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Figure 8 ^ 



Ydu find two points of intersection and now you must draw t^o horizontal lines 
to the vertical axis. Ohis means that this value in the doma^ has two value$, 
in the ranfee related with it* Ohus, the graph of this relation does not ' 



represent a functjLon. ' { i ' 

Oto sumraarizji, the experiment shows that the 'numbers on the scale Tand ^num- 
ber of turns of the threaded rod form a functional relation. Moreover, the 
domain Includes all numbers between the largest .'and smallest marked on tiie' 
ruler. The range Includes zero and all positive numbers. !Ihere are no brea^ 
In the^graph; hence, we say the function Is CQlatlnuous . The numbei of face 
changes from a fixed position and numbers on. the scale, form a relation which 
is not a function^ ' * ^> 



Exercise 2 

i 



Which of the graphs of the relations shown below is the graph of 
function? 



Exan^les: 



4 



2 
•1 



•function 



1 2 



(1) 



i 
i 
( 



not a function 



1 2 



(2) 



not- sr func. 



123k 



(3) 



(a). 



(b) 














d 



(d) 
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(f) 




(h) 



Graph the ordered pairs given below, state the domain an.d range, and 
tfcll if the relation is' a function. 

Example: ■ {(0,0), (1,2), (2,^^), (3,6)3 ' , 



6 
5 

2 •• • 

1 . 



0 1 2 3 



(a) ((1,2), (-1,2), (-2,U),, (2,l^)l 

(b) ((1,3), (1,-3), (3,9), (3,,-9)) , 

(c) ((-1,.2), (-l,g), (A,-6), (-4,6)} 

-(d) ((i, J), (|,-|),- (i||), ,.44)^ 

(e) ((|, 5), (-^, 5), (|,10), (-1' 10)5 



ERIC, 



Domain (0, 1, 2, 3} 
Range (0, 2, k, 6} 
Relation is a function 
•(discrete) 





Seesav Experiment and Multiplication of Numbers 



In Section 1.? you studied the additio^i of real numbers and learned the 
meaning of such phrases as (-3) + (-2) and (2) + (A). In the next. few sec- 
tions we will be faced with the problem of multiplication. All we can lay' 
at present is that we know how to multiply two non-negative numbers. ' 

We will use a simple "seesaw" to illustrate multiplication and to pro- 
vide us with an intuitive feeling for such products as , 

(-2)(3); (2)(-3); (-2)(-3) • ■ 
Our experimental setup is shown in Figure 9. 




Figure 9 

The apparatus consists of a balance support, a knif e^ edge clamp, and a 
metier st^k. You may be familiar with this type of equipment as it is used • 
in a s^ence claasroom in studying equilibrium and J.ever action. The knife, 
edge clefi^ acts as a point of rotation (fulcrum). The knife edge should be^ 
adjasted on the meteV stick so that' the stick balances in a horizontal posi- 
tion. \^The same arrangement can be constructed by using a triangular block of 
wo9d' as a support for the meter stick. * - 

If a force is applied to either arm, the meter stick will begin to tip. 
Force can be applied by hanging a weight from the meter '^stick^ or using a 
pulley arrangement , to change the' direction of the force. The s.ketch below 
shows a set of forces acting on a balanced meter stick (Figure lO). 



38 

4C 



1 



y ^ Figure 10 

A force like Fg or tends to rotate the lever 'about the fulcrum in a 
clocIcwiBe direction. F^^ and F^^, however, tend to rotate it in the counter- ' 
clockwise direction, i 

Ihe sense of rotation connected. with a force and lever can be^\ised^to 
developj.the ^iiailtiplication of real numbers. Together, the lever. 'and force *• 
form a ^*force multiplier".* A given force can accomplish a great deal if it 
is applied through a long arm. A pipe wrench is a familiar example. One ^ 
does not expect to be able to* tightenra nut with his fingeife. The wrench 
provides a lever arm through- which -pie force can act; it multiplies the 
effect of t)ie force. Rsllowing this reasoning we define the ncment of a 
force as 'a product: ^ * 

^' a (arm) X F (force) = L {v^nt of force) 

where a is 'the distance between the point of application of the force and^ 
the fulcrum. ^ ' ^ ^ 

If "we suspend a one-poimd weight at a distance of two feet from the « 
fulcrum, the turning moment is 2 ft-lb. Ihe units' connected with moment of 
force are formed by tsTking the product of the force iinits and length unitsr 
(Hiis procedure is not new* We are familiar with the prociess of "multiplying" 
two lengtlis to form length squared which is the unit of area. In our present 
system the unit of moment of force is the foot-poimd^ (ft-lb). 
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Clearly^ the sena^^f the moment does ^ not depend on the weight used 



Also, changing the length of the 
aarm,will not change the sense of 
the^iaoment^ To .alter the sense 
of the moment , we must reverse 
the direction of the force (by 
ptdling up on the arm, or by in- 
troducing a pulley) or apply the 
force from the opposite side of 
the fulcrum. To take account of 



1 ft 



^|iii|iii|iii|iiiliii|iii|iii|iii|i)i|iM|iii|iii|iii|iii|n 




"mm 





2 pounds 



Figure 11 

these considerations, we can make an anajlogy between forces and arms and 
vertical and horizontal axes of the coordinate planie (Figure 12). 
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Figure '12 



If we use the .same sign convention used in plotting points,, upward forces 
like and F^ will^je positive, §nd those acting •in a downward direction like 
and Fj^ will be negative. Again, as ii^drawing^graphs, we consider dis- ' ^ 
tances to the right of the origin (fulcrtun) to be positive, and distances to 
tlie left of the origin to be^ negative. T!!c\^b, Jhe arms a^ and are positive. 



whijLe'a^ and a^^ are negative. 



ho 



•In Plgufe, i2 a ^orcey P^, acts upwards (positive) at a distance a, to 
the ^ight of the fulcrum (positive). This has a tendency to givefthe Ihjj^er 
a counterclockwise rotation. The product of a positive force andUi positive 
aim should .giy;e a positive number which we call a positive moment .N ^ 



.J 



(+)•,(+) = (+) . - 

Ifj^ now consider Fj^ we see that it is a negative. force, and its arm 
aj^ is also negative . Kie effect produced by this combinieftion is, however, 
a counterclockwise rotation which we have Just called a positive moment. 
Thua, • • ' - ' . . ^ ' 



( - ) 



( - ) = (. o 



This last statement, if it can be applied to numbers, indicates that' the 
product of two negative numbers is a positive number. You must remember, how- 
ever, that this is not a proof for a statement about nvimbers. We have only 
shown that we can find an intuit iv^ interpretation for the product of two 
negatives'* fJ: ' 

It is left to the student to satisfy himself thatj^consideration of Fg 



and a^ gives 



(- ) • ( O - ' ) 



and 9f F^ and a^ gives 

( + ) 



- ( - ) 



( - ) 



Our sign convention for the seesaw can be siiramarized by the following 
figure. A + 



Force 




'Moment 




Figure 13 ^ 

-libw-let us try' to see ^if these same results can be obtained by using some* 
of the facts we know about numbers. If a^ b.^ and c are any nuxnbers of arith- 
metic, then* ' ^,1 ' 



V 
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1^ 



i U 



(a)(b) 
, (a)(1) 
(a)(0) 
(a)(b + c) 



(b)(a)-. 
(a) 

(0) . 
ab + ac 



Whatever meaning we give to the product of two real numbers must agree 
with the products which we already have 'for non- negative real numbers. The 
above properties of multiplication which held for tlae numbers of Qrithmetic 
must still hold for alljeal numbers. We can test the 'product of ^a positive 
number and a negative number with the following example: ' . 

0=(3)(0) 



0 = (3)(2 V.(,.2)) 

0 = ism /C3)(-2)^ 
0 = 6 + i3)U) 



by writing 0 = 2 + (-2). (Notice 
how this numbef introduces, a neg- 
ative number into^the discussion.) 

if the distributive- property is to 
hold for real numbers. 

since (3) (2) = 6 . 



-We know from our jstudy of addition that the nuinber which yields 0 when added 
to 6 is the number -6. Therefore, if "the properties of numbers axe expected 
to hold, (3) (-2) must be equal to -6. 

Next^, we take a (Similar course to investigate the product of two nega- 
tive numbers. * " — 



0 = (.2)(0^ 

^0 = .^2)\3 + (-3)) 
0 = (-2)(3) + (-2)(-3) 



0 = (-6) + (-2)(.3) 



if the multiplication property ^of 
0 iB^ to hold « for real numbers. 

by writing 0=3+ (-3). 

if the distributive property is to 
hold for real numbers. ' ' 

if th^comraui^tive- property is to 
hold for rea^Jiumbjyiu^y then ^ 
(-2) (3) ^.^-^): ^ But/the resulV 
s ^' ' of* the previous piroblem was ' ' 

. • ■ , (3)(-2> =/-6 . . i 

How we have come to a point yhere (-2) (-3) must be t?ie opposite o? -6V^'l^e 

.'^'^ ** • ^ ( ' ^K*^* 

number which must be added to -6 to yield zero is the number 6. Hence,'' If ^ 

we want the properties of multiplication to hold for real numbers,, then } ^ 

, (-j2)(-3) must be '6'. 'Coul(^ the same argument be used with any pair of neg 

^Wtive numbers? ' ^ ^ ^ 



0 




PRir 



>3» 



I^v-?!.:^' Fill to the blanks: 

; /V (a) The pax)dUct of two positive numbers is" a 
Mi^ •('bl The product of tvo negative* numbers^ is a 



number, 
number. 



- (c) The, product of a negative and a positive -number is a 
^ (3) 'The pix)duct of a real number and 0 is ^ . . 



'2: Calculate the following: 



i. 



(a) (- 

(b) ((- J)(2)) C-5) 

(c) i)C(2)(^5»-. ; 

(d) . {-3)(-'^) + (-3) (7) 

(e) (-3) ((-'^) tj)- 



(f) (-3)(-'^) +7 

(g) |-3|.(-'^) + 7 • ^ 

(h) |3lU2| + (-6). ■ • 
(ij (-3)(|-2|- + ,(-6)).. 

(/)" (.-3)(f-2| + (-6)) ^ 

4 

(k) (-0,5) •+ (-'^.'2)') 



i -. 3. Find tliei values of fthe following for 
(a),#2x + 7y • " \ 



3, a 



-If: 



3(-x), + C(-lf)y + 7(-a]) 
X ' + 2{xa)'+ a 



dumber. 



(d) (x + a)^ 



(e) 



(3|a| 



^f)* |x. + 2| + («5) l(-3) >a| 



'^•5 '^SLope 



You* may recall f.rom your s-6udy of the number line that the distance frpiji 
one point to another is the coordinate of the one point" minus the coordinate 



Of the cfther. 



2 



7^ 



Figure l^i- 



For example, the distapce between tbe joints whose coordinate/ are Z 
and 7 is 7 j- 2. or ^'^tf^ure 1^). If the points ^e not on the nutaber line, 
but are points on the colE:^di|iate plane, the questit>n of finding, the distance 
between these points becomes,..^ig)^ mojre complicated. Ihere ar/ some ca^es,' 
however, 'Which are not too difficult to determine. ■ ^ ^ / 

^ A horizontal line in the gcoordinpte plane is defined /«6 a -line whose . 
points are ordered. jmixs^thjtjie same^ecard element, fhe line illustrates^ 
in Figure I5 is an example of a horizontd^ine. What /Is the distance be- 
tween the two pointa-Wibse coordiii- 
ates ,are /3,2) and (7,2)? Let\is 
^^^fin^ tne distance on a hcipizontal 
line as the first element of one » 
ordered iair subtracted from the 
first element of the other ordered 
pair; /that is, 7-3. Therefore, 
— ^ . In this example, the distance be- 
tween the two points is 

Figure I5 



(1,2) (3,2) 



(7,2) 
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A vertical lin^i»^the coordinate planfe -is defined as a line whose points 

' are ordered pairs with the same first el^ent. The distance between any two 

points o^ a vertical line is the second element X)f one ordered pair subtracted, 

from t)ie second elements of the. other ordered pair. It follows, then, that 

the distance between the points 

whose cpprdinates are (3,1) and 

(3,5) ^s 5 - 1 or If (Figure. 16)." 
♦ 

V 

jf If two points have coordinates 
such that the first elements of 
each are Qi^ferent|[and the second 
elements ate also different, then % 
the line di'awn through lihese points 
is neitheii.ho^aontal*nor vertical. 
The ordered pairs (2,5) and (7,^) 
determine such a |Line. As we scan 
this line (Figiure 17) from left to 
right, we noti<*e^^hat it slopes up* ' 
• We might ask, .atjhjiiie^time, if ther^v 
is any way to cbt^ageHhe^ "steejgrnjSBg^^^- 
of the slope of such lines which are- 
neither horizoatai^nor vertical. 



(3,5)' 
' (3,it) 




(3,1) 



Figure. 16 











* • 






^ ^ ^^^^ 












Figure 17' 








V 



If we draw a horizontal line 
through the points whose -coordin- 
ates are * (2,3) and a -vertical line, 
through the oth*er" point, we have 
two hew lines which intersect at 

;< ^ 

a new poi*ht. Ihis point is^a point 
of a vertical line which passes 
. through the point (7 A) (Figiire l8). 
By definitior^of a vertical line, . 
the horizontal coordinate of this 
new point is 7« ^bis point is also 
a point of a horizontal line, which, ' 
"by definition, must have a verticlil^ 
coordinate of 3. therefore, the 
coordinates of this new point are 
"(7,3^ ' • , 

Uie distance^ on the vertical ^ 
line, between the points (7,^) and 
(7,3) is li. - 3 = 1. ^is vertical 
distance 4s often referred to as 
"rise"^ The distance, on the horizontal line, between the points (2,3) and 
(7,3) ia 7-2=5. This horizontal distance is referred to as "run"* ?^The 
ra-tio of the "rise" to the ""run" is called the slope jof , tJ^e line . . Th% slope 
pf the ^Ine in this exanqple is i / , * 

For a 'sti^aight line the ■"ste4>ness" is the same all ^long the line, ^i^fe 
slope will be" the same between atiy two points of the line which we might pick. 
The letller m is usually used -for the slope. Thus, for a straight line we have 

m = = a constant . * 
: run • - ^ 

' I ' ' - ' ' ^ : 

We^^te that in finding the rise we subtracted ^ from^4. These tium- , ■ 
bers were the second elements of the original ordered^ pairs ^hich we u^ed tb 
find the^ine. The run was determined by subtracting 2 from 7- Ihese rma" * 
bers were/the first elements of the original ordered pairs. Prom this it t 
appears, "^hat it is not actually necessary to draw in the horizontal and yerv 
.ticairiines through the points in order to find the sjLope^ of the line.' ' 

- . We have defined *the- slope of a line by using, the coordinates of two 
distinct ;^ints on the line. The slope of a given line does not depend on ^ 
the particular pair of points used to determine the line, nor on the relative 





^ 0 












"772,3)- 1 
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1(7,3) 
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position of these two points. The examples belqw discJ^jiss the' Various possi- 
bilities, .and «how how the value of the slope not Only tells the "steepness" 
of the line bi^t whether it rises or falls as we proceed from left to right. 
Each^of ^the 'examples shows a^.general situation and .a specific example. * 

Exac^le 1: (second point) is above and to the right of^P^ (first point). 




it 







— ' 1 1/^ 






\ \ \ \ 

< 


Figure 19 





m = 



(-2) 

6 '-. 
H 

3 ■ 



Siope is. positive, the line rises ag, we procSed' f rom left to right . 



Exangle yg: is below and to the left of P^^. 





1 



/Figure 20- \' V . 

Slop'e is positive, tlie line rises as we proceed from left to right'. 



A 



54' 




Figure 21 

Slope is negative and the line "falls" as we proceed from left to - « 



right. 




I" 





and Pg have the| sanwi 
p 


vertical cootdinat^. - ;| '| ' ' 

S . • '1 

— 3 -1 3 


-^^,3) 


' ; " 3 - ,(-'^) 

i 0 ' 

(3,3)f . ='° i • 


' ■ — 9 — !^ 
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Slope is zero, 11 



)^ Is 



Figure 23 
horizontal. 



Example 6: P^ and Pg have aame hori^ntal coordinate. 

k 



^P^ 



-4-4- 



(3,2) ' 



m undef iiaed 



(3,-'^) 



^ '^u^^Mt^^ . . ^ Figure 2k 

Slope. ia undefined , line is vertical. ^ 

We may suonarize the preceding jreaults as follows: 

; ^ ^ m > 0,^ the aine ^risea to the ri^t. 
If tt < 0, the lifee tails to the right. 
If m s 0, the line is horizontal. f 
ff m da unciefined, the line ia vertical.' 



\ 



5^ 




Vteich of the following two ordered pairs determine a horizontal line, 

! • 

a vertical line and a line which is neither? 



(a) (3,i2), (5,2) 

Cb) (0,0), (7,0) 

(c) (10,4), (4,10) 

U) (5,6), (6,7) 

(e) (2,8), (4,8) 



if) (2,3), (2,2) 

Wg) .(561,10), (562,11) 

• (h) (.3,14), (6,28) ■' . 
ar (9,8), (9,1) ' 
(d). (0,8), (0,5) 



For each o^ the following two ordered pairs, state the rise and the run 
fqr the line "detennined by these points. 



(a) (2>5), (4,8) 

,(b) (3,9), (2,1) ' 

. (c) (8.5,7), (9,9) 

(d) .(20,10)', (25,7) 

■•(e) (5,3), (5,586) 



(f). (763,763), (25,25) 

(8,7), (2,9) 
(h> (8,10^, (0,10) - 
(i) (3.7,"l'2.6), (5.2, 2:1) 



r 



2.6 



olute Value and Relation 



We have already obtaihed experimentally from our number generator, a 

'relation. between S (the numbers on the scale) and T (the number of tiums of 

the indicator). This relation was displayed qn coordinate paper as in Figure 

25. "'^e found it to be a function. Let vis examine t^R^ordered pairs £^ain< 

Both (1,10) and (^, ^ are in t«?e fVrst quadrant, while (-1,10)- and . ' ' 
/ 1 1\ » . * •• ^ ' 

20* 2 -^^^ second quadrant.^ We yill 'study t'hese two quadrants. 

'Separiftely. X . ' " i * 



• V Figure 25 

To descri'be 'the sitviation, we' must limit our domaiff. In the first case, 
our domain vill be the non-negative nunibers and *then we Kiave a linear function 
ih^^he firsts quiadra«t. We call it" linear becauee fell points' lie on the ^ame 
straight line (Figure .26a). If we change our domain to the non-positive num- 
bers, we have a linear function^ the ^ondMguadrant (Figtire-^b)! Use'' . 
your answers to Exercise 1 and fo^m '(•S,'t) ojrdcfired pairs. Clieck' ihese ordered 
pairs to be sure they lie on one -of these linear Ifiinctions. Only the ord^rfed 



pair-(<i^O) lies on both. 



\ 



domain 



domain 



(a) 



(b) 



*A Figure 26 ' . - - 

©le set- of ordered pairs in the first quadrant all appear to satisfy 



tie equation 



lOS. 



(1) 



/ Looi, for exan^iie, at JljlO) and (rlr ^) • 



. - '15' 3 

We call (l) the linear equation for the graph of Figijre 26(a). 

de, ordered pairs in the second quadrant, for exaidoXe (-1,10) and 



(- ~t iy satisfy the equation 

^ T = - los ; 



(2) 



(See, Figure 26(b) 0 

In equation (2), the xight-hand» member, -lOS, is equivalent to lO(-S). 55ie 
* dottiain of .this function, 'however, liniited to the non-'positive real num- 
"bers,. Biis means that -S is the negative of a negative number > or a posi- 
tive number. Recjall from Cha]^er 1, the definition of absolute value, 

\-^-^ ' - ial =?;'-a il^ a < 0 

Another way, then, .of saying -S, when S is non-positive, would be to say 
. jsl. ifow our equation can be rewritten - » • 



T = 10 |S[ . 

Oaiis form of the equation also 'applies to the first part of our exanqole 
^where the domaiil of -that ^art of the function was all non-negative real 
numbers. ^Since *the absolute value of any non-negative number Is that ^ 
same- number, the two equations T I'OS and T ='lO js] say exactly the 
/^lame thing. . ^ ^ . - \- 



(3) 



(Rie advaniage of our discussion Is that ve now have a single equation 
over the domain of all^real numbers which con^Ietely describes the set 6f 
6rdeiied; pairs] :Lh our|function»j (Ehls function Is. oftjsnj referred to asi an ^ 



abs61ute*value 



function; 



) 1 1 
1 ' ' 



' 1 Exercise I ^ ^ 

!• Check the' ordered pairs you obtained In, the scale -turns relation to 
' see if they satisfy either = ICS or'T = -lOS. > ^ 

2. Cheek the ordered pairs you obtained in the faces-scale relation to 
see if they satisfy either S=^F or S = -'^F. 

3. Graph each of the following* ^ 

(a) y = |x[ *' ;''(d) y = -2 |x| 

(b) y^t=^r-3|x • ^ (e): y = 3|-x| 



^(c) y = 5|x| , ^ (f) |y| 



X 



2.7 Slope - Intercept Form ^ 

The vertical intercept of a line is the point on a line where the first 
element of the, ordered pair is zero. Itiis is the ordered pair (0,b)» Let 

us see how the vertical intercept and slope can help us to draw lines. Sup- 

• 2 

pose a line has a vertical intercept (0,6) and its slope is - — . Let us 

draw the line as well as write its equation, lb draw the graph, we start 
at 'the intercept ,(D,6). Olien we use the slope to locate other points on jbhe 
JLine. /.!ni(5„ f ^cji that the slope is negative tells us that the -line will fall 
as we go to the right, and the number ^ tells us how "fast^ the line falls. 
If we take the, point whicfi ,?^.know is- on the line, (0,6), as one of two 
points, we can find another point on the line 3 unit§ to the right and 2 
unit^ down..^' We now have^two points through whi^ih we may draw the 'line 




Figure 27 



Since the slope is the same for the entire line, any two points of the line 

will give^us the, same ratio - f . Take the vertical intercept (0,6) and 

2 

another point (x,y) which lies .on the line, then the slope - * ^ given 
by the ratio / - . ^ " 



- 6 



2 

3 
2 

3 • 



Multiplying both sides of this expression bylx'we/ get 



But ^ is the, same as 1, so ,we can again rewrite to get 



and, finally,- 



y = -^x>6.^ 

We can repeat this same process with a line whose vertical intercept Is 
(0,b) and whose slope is m. Let us tak^ anj^ point (x,y)'on the line. L^ince 
•the^slope is the same for the ei^ire line, any two points of the line will 
givet U8 the same ratio m. The slope is given by the r&tio 



m 
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TtilB equation can be rewritten in the form 
y = ax + b . 

it 1^8 'lefCt to the student to verity t^at this last equation is correo 

Except a vertic^ line, every straight line can te given an equation 
of this form. Tt\e equation 

y = mx + b 

was derived from bur definition of slope and the statement that all portions 
pf the line have the same slope. .If we look more carefully at the derivation 
of this equation, you will recall that we began with two ordered pairs, one 
of which wss of the form(0,b). This point has a special significance. Thia 
is a point on the vertical axis. Since we have already said that this line 
cannot be a vertical line, we know that it can cross the vertical axis at 
eJjj^tly one point whose coordinates are (0,b). This point is referred to as 
the "y-i'^"tercept". Looking again at the equation in this form, we note that • 
the factor m is the slope of the line and' the term b gives 'the intercept. 
Hence, this form of the equation of a straight" line is called the^"slope- , 
intercept" form. * ' . ^ • 



Example : Draw the graph of the equation 2x - .3y = l8« 

Solution ; Ihi 5 equation is not in the slope-interceprt form, 
solve the*.above equation for y. 

, ' -3y = -2x + 18 

^ y=fx-6 * 

Once we have the equation in this 
fortfi, we c^an ^corapare it with y = mx + b 
snd we see that the slope is ^ and the 
vertical coordinate o'f the "y-intercept" 
is -6. Our starting point is therefore 
the point with coordinates (0,-6). The 
slope is positive so t>'hst line' Visds*' 



However, we can 



as we move to the right. 



The numerical 



value of the ^lope (^) tells us that a 
horizontal change of 3 is associated with 
a vertical change of 2. Starting with 
the point (0,-6) we can easily find an- 
other point 3 units to 'the right ^nd 2 
units up (3,-4). Using these two points 



'8' 
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Figure 28 



we 



ay now draw the line. 



Exercise 6 



Calculate the 'slopes 6f lines i^, ig, 'i^, and ^ i« Figure 29, 
using in each "case the two points indicated on tHe lines. 



2. 
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. Figure 29 

What is the slope of a horizontal axis? a vertical axis? 

With reference to a set of coordinate axes, select the poin^ (-6,-3 
. and through this point ^ ^ 

(a) dr?iw the line whose slope is • Wh'at is an equation of «this line? 

(b) « draw the liYie through (-6,-3) which has a slope of %ero. What is 

the equation of thfs line?- . - \ 

D^aw the following liners: , *S 

' ^ 1 

•'s* --(a) a line through "the point (-1,5) with slope ^ . 

^ * 1 

(b) a line through the point (2,1) with slope - ^ : 

(c) a line, tlirough the point (3,U) with slope 0. t 
• -Cd) ' a line through the point (-3,^) with slope 2. 

^ (ej a line through the^ point (-3^-^hvith slope undef-ined^V/hat type 
of line has no defined slope?) 



5- • 



Consider the line containing the points (1,-1) and (3,3)- 

Is tfie point (-3,-9) on this line? 
' .\ * 

Hint: Determine the slope of the line containing (l,-l) and (3,3)) "then 

determine the slope of the line containing (l,-l) and (-3-,-9)* 



6; Write an equation of eaqh of the following lines: 

' I j ;J[®.) I^ei Slope; ^.8 - ^nS the y-intercept number is 

{The y-intercept number is the vertical coordinate of the point 
at which the line crosses the vertical axis. In this case the [ 
coordinates of the intercept ar^ (0,~2).} ^ , ' V 

(b) The slope is ^ and the y-intercept number is 0. , 



(c) The slope is -2 and the y-intercept number is ^ . 
(c) The slope is -7 and the y-intercept munber is -5 . 

What is the slope of the line containing the points (0,0) and (3, if)? 
What is the y-intercept number?' Write the equal/ion of the line. 

Verify that the slope of the line which contains the, points (-3,2) and 
(3/-^) is -1. If (x,y) is a point on Jthis-'same^line, the slope could 
be written as ' " 

m=^^ or y - . ' . • 

Show that both expressions fox the slope give the same equation for ' 
tjie line* " ' 

9. Write the equations of the lines throiagh the following pairs of points.. 
Use the method of Problem o. ' ^ 

(a) (0,3) and (^^5,2) (e) (-3,3) and (6,0) 

(b) ^ (5,8) and (0,-lf) ^ (f) (-3,3) and (-5,3) 

(c) ' (o;-siand (-3,-7) - (g) (-3,3) and (-3,'5) 

(d) 'M5.,-2) and (0,6^ (h) (lf,2) and (-3,1) 

LO. Graph each of the following: 



(a) I X + 8 ' (d) y = (x| ^ 5 

(b) ,y = -|x-12 (e)„_;L.= Jx - 3|._, 

(c) 3x + Ify = 16' " (f) y = 2|x - 1] + i| 



\ 
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'2*,8. Sulnggary , * / \ ' \ 

' In this chapter the "real number ge|jerator"'was used to illustrate the 
J>/ prppert|e8 x>r t^ real i^u^ 

Y ' ^ A relation was defined aS*^ set of ordered pairs. ,The ifet of all first 
1. elements in the ordered" pairs of the relation is called the domain of the 
: relation and' the .set of all second elements iff called the range. A function 
la al^relation such that for each first element in the order,ed pairs ther^ is 
'exactly one second element. , . ^ . • ' 

'? - . ■ ' 

The seesaw experiaac^nt was used to illustrate the multiplicatioxv proper- 

' 'ties^of the real nunibers; ^^Hj^, 

( + )•(+)='■•(+) 
-(-)•(-)=(+) 

(4- )■.(--■) = (_).(+) = (._) 

rise 

Slope, m, of a straight line was defined • . Slope is positive 

If ^the line "rises" as we proceed from left to right . Slope is negative if 
the line "falls" as we proceed^rom left to right. Slope i.s zero fbr a hor- 
-Irontair lit^. The slope of a Vertical line is undefined. 

Qlie slope-intercept form of the equa^tion of a straight line, 

y = DDC + b - 

was also developed. ' ' 



' ' Chapter 3 



3*1 ' Introduretlon ' 



In the previous chapter, linear rela^ons were introduced through the 
Number Generator Esqaeriment. The ordered pairs Which were obtained lay on 

' line because of the ^y-in which they were generated. More often, the data 
Ve obtain in an actual experiment will be scattered about scmewhat. In this 

. chapter we wish to discuss the Vay in which such data^can be handled. We 
will find it^ necessary to l^^j^oduce the concept of the ideal line \^^h will 



best fit the data. 



Only after this ideal line has been constructed can a mathematXal 
model of the epcperiment be developed. By looking at the physical systems we 
caa often find new relations whicj^. increase our understanding of the structure 



1^ 



of the mathematical systems.' 



3*2 ^le Falling Sphere . ■ ^ • . 

- * V 

This experiment continues our discussion of linear-^lTunction. You have 
probably leanaed in your study of science that all bodies take the same time 
ttf fall any given distance in a^ vacuum . You know, however, that^ an iron ball 
and a feather dropped simultaneously from the same height will not reach the 
floor at the same time. Ifoless dropped in a vacuum, an object always en- ' 
counters saae foim of resistajice exerted by the medium through which the ob- - 
Ject^f^ls. In a fluid medium (a liquid or gas) this resistance is not con- 
stant, but increases as the speed of the body increases* Eventually, a .point ' 

-ds reached at which the upward resistive force equals the downward gravita- 
tional pull on t-he^objec^. From this point on the object will fall at a con- 

' stant speed. 

^ Ihis steady speed is called the terminal Velocity » A man jumping from 
a plane will reach a tenninal velocity of about 120 miles per hour. A "sky 
diver", with pro]^er control of his body, can lower this figure to about 50 
miles per hour. An opened parachute encounters a much greater resistance and 
lowers pne^s terminal velocity to a point of relative safety. 

/ To investigate the phenomenon of terminal velocity, a small ball bearing 

is allowed to fall through a thick fluid (Karo. syrup). The ball bearing wii: 
reach its terminal velocity in the first few millimeters and then the ball, 
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vlll • continue to fall 9,t a steady speed* 

As in all expeldiaent&,'\we shouli think of all the possible variables we 
are likely to meet, and decide how to handle them* Since our invesiS.gation 
will center around the speed at which the ."ball falls through the fl4iid, ve 
must deteimine which of the variables will influence this speed* 



J 

aiii\§jL vel 



• To test the influence of the size of thjs object upon the tennii\§jrvel- 
ocity, we could dropS)all bearings^ of different sizes into the same container 
fii;Led with the same liquid* ^ 



To test the effect of the Jar upon, the speed of the failing ball, we 
d 

liquid* 



could drop the same ball into different size containers filled with the same 



To test the influence of the liquid it'self; we could drop ball bearings 
of the same size into the container filled with different liquids * 

^ If we^^^tice any difference in the terminal velocity of the ball in any 
of these situations, then the factor that changed is a variable in which we are 

O 0 

interested* Can you think of any other variables 'which may influence the ex- 
periment? Does the temperatu3:e*of the liquid influence the speed of the ball 

— <« 

in the same way that it affects the speed of the hot, fudge moving off the top 
of an ice^ cream sundae? 7 

ce we have our list of variables, we must determine an e: 





pr&cedure in which we can control th^^jSluence of these v^pi^ibles ugpn the 
teminal velocity. We will pick one^Sntainer and one l^qiiid and always have 
the ball fall in the same portion of the Jai^. . -7 

* The teminal velocity of the ball, however, cannot be measured directly. 
What we must do is* to .ntasure the distance the ball will .fallAuilng ^ome, 
time interval. " For example, to find the speed of an automobile we have to 
know^the distance traveled ^and the time taken to travel thl6 distance. 

In this experiment we will use a metronome as a timing device, thus 
providing an audible signal for selected time intervals. Inrthis case we 
pick the ^fclme; Intervals, and the distances covered by .the falling ^object will 
then depend dh these time intervals* We then have distance as a: function of 
time. In a later experiment we will reverse the roles of time and distance. 
We will fix the distances aiid a stop watch will be used to find the,corres- 
ponding times. Then time becomes a function of d^tance. 

To record the position of tjie.ball as it falls through the syrup, 
fasten a thin paper tape'tK) the side .of the cylinder with cellophane tape. 

■ ^° m' ' 



S^«- Figure, !• Drop a ball bearing into the cylinder so that it falls along 
the wall of the .cylinder as close to one ^ge of the tape as possible. Since 
the yelocijty of the ball will be quit4 small, only a little practice is 
needed to follow the patii of the ball along the edge of the tape. As the 
ball mc^es along the tape, mark^^itSsjosition with a pencil each t3^e*you hear 
the click of the metronome. The metronome should be adjusted to click every ^ 
two seconds. ' ' . 

A small magne}; will be necessary 

to posi'^ion the ball along the edge of 

"^'the tape before releasing it. Hold the 

magnet against the outside of the glass 

cylinder and place the steel ball 

against the anside of the cylinder 

nejpt to the magnet, ^e pull of the 

magnet will hold the ball in place 

through the glass. When the magnet ig 

pulled away., the ball will begin to 

fall through •the fluid. 
J 

The ball can be birought back up ^ ^ ' 

through the fluid by. plating the magnet * ' Figure 1 

against the outside of tfte cylinder closest to the ball resting on t>he bottom 
of the cylinder. Raise the magnet slowly along the outside of the cylinder. ^ 
"Bie ball will follow the magnet to the top of the cylinder. 

You do not- have, to mark the path of the ball for its* entire fall. Ten 
posijiiion marks* taken at two-second intervals will be sufficient for each trial 
At least four separate tri?ils of the experiment should be made, using S new 
tape for each trial. Mark each trial number on the tape and indicate, which 
end of Ihe tape was at the top of the cylinder." 

It is not necessary to 'make the first mark in the same place each tine. 




This first mark fte taken" to be the position of the ball at "zero" seconds, 
the second mark, the position at the end of two seconds, etc. 



3.3^ Tabulating *Data - ; , * 

After canpleting the fouiL^ials, fasten each tape in turn to a centi- 
meter ruler so th%t the "zero" time coincides with one of the ruler marks. 



Rin 



Measure the distance in millimeters from the "zero" mark to. the first mark, 
from the "zero" mark to the second, etc. (See Figure 2») 




. ^ ,Flrgure 2 

Record the data for all four trials in a tahle of the fonn shovn in Tahle 1. 

f 

THE FATrTiTTO SPHERE EXPERIMENT . 





Time 
t 

(secpnds) 


Trial^ 1 
Distance 
d 

(millimeters) 


Trial 2v 
Distance 
d 

(mm) 


Trial 3 
Distance 
d 

(mm) 


Trial * k 
Distance 
d 

(mm) 


Average 
Distance 
(mm) 
Guess 


Average 
Distance 
(mm) 
Calc. 


• 


f 

• 















Tahle 1 



3-.^ ' Analysis of I)ata ' - " « ' 

If .the data' is examined, we see that our tahl'e associates a certaisH^ 
value for the distance the trail has fallen (d) with a certain value of the 
time (t)* The fahle shows tl^af^here is a relationship "between the tim4 and 
the distance the hall has fallen* Hhe value we obtain far the distance^de* *^ 
pends on the time and, therefore; our data foms a set of ordered pairs • As 
we have seen "before, we can represent ordered pairs of numbers as poipt^on the 
coordinate plane • In doing the experljaffent we flave decided what time intervals 
to use, and the xesulting distance the hall has fallen depended oli,,this tim^ 
interval. The general practice is 'to make the v-a^ae of >*he variable that ve 
controlled the first element in the ordered pair. Thus, for this experiment, 
the first element in the ordei'ed pairs will he the time value, ctnd the second ' 



eiment will be* the distance associated \ftth this time value. Our ordered 
pairs ^>^ome (t,d) pairs* ft will be helpful to label the horizontal axis 
the time axis and the vertical aJfcLs the distance axis . 

y We, are going to use the graph of. these ordered pairs for an, analysis 
of the behavior of the falling sphere, and it will be ^vantageous to have 
the graph "fill" the paper as much as possible'. We know that all of* ou?: 
points wili fall in the first quadrant, because all of oui* yalues for time 
and distance are positive. Instead of drawing the axes, as in Fig\ire 3(a),, 
we use the form -suggested in Figure 3(b). ^ ^ , 
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(a) 



' Figxire 3 



time 



■ (b) 



How our data will notice crowded into one cornier of the graph paper 
knd we can make finer divisions along^the axes. The distance scale should 
he In millimeters, and the time scale in s-econds. Once the data is plotted, 
you prQbably will have a graph which ihoka something like that in Figure, U. 



Figure h 



Oncelbhe scal^ have, "been set and the data pldtted,* w have, the problem 
of interpreting the meaning of the space betveen-thl^e points. In tems of 
the physical setting, we can argue that the space b^etween adjacent ppints 
should be "filled in". 5 If we had decreased the time interval to one-tenlh 
of a second each time/ instead of by two seconds, \e would have found a new 
distance reading for each tijne»\Even though^ reading the change in position 
for such a small time change woi/ld be /iifficult, the sphere w^ld make a very 
small change in its position fgr every time change. We now have 'to decide 
how the position of the sphere would change with time. The variation is 
I^bably quite iregular with two-second intervals. ,Itiere is no reason to siqppofle 
that a regular variation of position would' not occur between these points. 
Our first guess as* to a model of the "behavior of the sphere with respect to 

time wouj-d then be to -join our experi- 
, mental points with str.aight line seg- 
ments . This procedure will give us 
something like the graph shown in 
Figure 5» 

This method of joining our ex- 
perimental points is perhaps not the 
most accurage model we cag construct. 
When we say that the sphere; behaves 
exactly like our "experimental points,, 
we are saying that our re^ings/are 
fexact. Can you think of any ^^asons^ 
for your data not being exact? This graph is also^the result of a sfngle 
trial of the ej^eriment. Scientists and mathematicians do not !Like to genex- 

'alize the results of a single trial. 
The errors of measurement 'Inay be great 
' enough to make the model obtained not 
very meaningful. 

If we were to repeat the experi- 
ment a number of times and graph the 
data on 'the same coordinate plane, you 
would probably arrive at a figUre like 
that shown in Figure' 6. Thjts figure 
/shows us something about our ability 
to reproduce the experiment. . Do we 
obtain about the same ordered pairs a 




Figure 5 




second and third time? It also suggests that the "spread" of the^ plotted 
points may "be due/ to certain inaccuracies involved in the measurements. Per- 
haps the plotted "points" should not be points at all, "but' small areas. We 
are le<f* to the conclusion that the results of an actual experiment, as con- 
trasted to those of an ideal experiment with pgjrfect equipment and ex^ct 
measurenents , are^ tva different ithings. We have at this point a relationship 
"between distance and time in the form of a data tahle and in the form of a 

, "graidi. What we desire now Is the g3^b which will explain the id^a^. hehavloiv 
of the sphere. The^data from .each trial, and the hraid arrangement of^the 
data seem to suggest, a straight line. You prohahly cannot find a straight 
line vhich will connect all the poiats for any one trial. However, wjth a 
little practice, you should be able to find a line which seems to "'*best" 

^^epresent all ojL^Jhe data. This "best straight line" wiH^e our physical 
model of a relationye have "guessed". This line represents our .model of an 
ideal experiment .*'(S<^§ Figure 7*) 

Once ve have decided to depart from the experimental "facts" and draw a 
^single straight line to represent our data, we have a -graph similar to that 
^n Figure 7. This graph gives a pictorial relation of time and distance. . 
Our problem now is to ^nd a mathematical repftresgntation of this relation. 
We now have a relation between time and distance in terns of tabular data and 
a graph of this data. We have also fonned a physical model to represent an 
idealized version of this data. We now want to obtain a mathematical models 
which will describe the position of the sphere in terms of the time. This ^is 
our third step in the an^ysds of the experiment*. 

i-r - 




Figure 7 



3.5 Graphlnp the Experimental Data 

The data you recoaded for all four trials sjiould "be graphed on a single 
sheet o5 coordinate paper. 

If you graph the "braid" arrangement discussed above, all of the points, 
should fall in some fairly narrow band, (See Figure 8,) Do you think that if* 
you were to repeat the experiment 
zander the same conditions that 
yoxir new points would fall yithin 
this "band? 



We obtain a "band rather than 
a line because of the various • ^' 
errors in measurement and the in- 
-fluence of variables other tjian. 
distance and time. An analysis 
of the effects of these will.be 
reserved for a future course. 

There; a2:e many straight lines • 

we could select to represent an 

• / 

idealized relationship between time 
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Figure 8 



of fall and distance. No single straights line will connect all of the points 
for any trial. With thought and c^e use a ruler to draw a line which you 
think"' best represents all the data from all your tri-als . Your "best straight' ^ 
line" represents the model of an ideal experiment and "becones the physical 
model of the relation. 

^ ' Remember to„ include the (0,0) point in^your line. The manner in which 
we performed the e3cperiment tells us that at "zero" time^the ball has fallen 
"zero" distance.. Thus, even though there are many lines to choose from, 
every one of them shoxild pass through the origin. ^ 

< * ^ - *■ - „ 

We still have to build a mathematical model of the physical relationship 

shown in our "time-distance" graph. We 6an do this by repeating the procedure 

learned in the Number Generator Ejcperiment. The slope should not be difficult , 

to compute, for we know that the line must pass through the origin; hence, the 

coordinates of the "y" intercept ^e (0,0)* The equation vhich describes the 

motion of the falling sphere Is therefore quite, simple. Calculate the slope, 

ng any two points on the line. Since the coordinates of the origin are 

(0,0), this would be a convenient first point to use. *^ , 
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Choose any Arbitrary second* point (Sh'your line with .coordinates (T,D)»ft Follow- 
ing the procedure used in Chapter 2,. we have • 



T - 0 



Using ti^s value for the slope, the equation relating time and distance in 
the experiment becomes. 

1 " d = m£ • 

inie slope in this experiment has a. special significance* The vertical 
distance from trie first point to the second i^a nlanber of millimeters, while ' 
the horizontal difference between these points is a number of seconds • 33ie 
filope, defined as the ratio of these two differences, will be expressed in 
units of millimeters/second. The value of the slope is defined as the measure 
f^-efiTvelocityof the ball. Since we have found that' the experiment yields 
a straight line, the ^ lope and, therefore, the velocity,' is a cons'tant,, .Our 
.initial- comments are thus cpnfiimed—by the £ime we begin taking data, the 
ball has already .reached its terminal velocity and now falls, at a constant 
rat^. 



Exercise 1 * « 

Reproduce the "best straight line" you have dr^ to represent, the data 
of this experiment on a clean sheet of coordinate paper. Take the four 
pie'des of papey tape used to maj^ the position of the ball and arrange 
them so that the zero marks are in line. On a clean fifth tape make a 
mark to indicate ^ "zero" position and align this mark with the other 
zero marks. The other 'marks on your tapes will not be "in line", but 



4-- 



m^i tl ^ 



jNew tape. 



tapes 



should tend .to center in groups. ,Make a mark on the clean tape to in- 
dicate your "guess" as to the position 'which best represents each^ 
vertical set of marks r %Using the fifth ^tape as if it were, a new trial, 
mark' your measurements iif tl^e usual way, enter' "the data in yoUr table, 
ana graph tlie ordered, pairs . Do these points come closer to forming a 
straight line than any of your^ f our trial runs? How does this line com 
pare^wlth the "best line" ^u drew from the "braid" arranganent? " 



s 



2. Frda the data of your four trials, find the average distance travlled 7^ 
hy the hall in each time interval. To do this, add the distance %n 
each row 6'f -the trials in Table 1 andjdivide ty the ninnber of trials.. . 
Make a new coliann in your tahle, "Average Distance (mm)" and n6w*plot 
average distance versus time on the same sheet of coordinate paper 
^ used for Problem 1. - How close do these points come tp foming a 
straight line? -You now have three lines on this coordinate plane. 
She firsj: is the "best straiglit line" from your original data, the 
second fs the 'line obtained in Problan 1, and the third line is the 
one obtained by the process of averaging. How do these three lines 
coup are? 

3» Draw the 1st 'quadrant using a scale of 1 second for each horizontal 

( 

division and 1 millimeter for each vertical division. Draw a line 
which passes through the origin and has a slope of 1 mm/sec; 2 mm/sec; 
and 3 mm/sec. Label these lin^s .i^, " • 

Plot the lines in the preceding ^problen, using a horizontal scale of 
1 second per division, and a vertical scale of 0.5 millimeter per divi- 
• sion. Canpare these three lines with the lines in Problon 3. 

5» Draw a i+th quadiiant on a sheet of coordinate paper. Use the same h^- 
zontal scale (in Seconds) that you used to repi:esent the data fran the 
Falling Sphere Experiment, Make a negative distance scale (in milli- 
meters) along the vertical axis. Note that this was the orientation 
of your sca^ when you performed the experiment. Plot the time-distance 
data from yiaHr, experiment on this sheet and draw the "best" line. Calcu- , 
late the'slope. What is the significance, if any, of a negative velocity? 

3 The Point-Slope Form . ' # '* 

When we plot data obtained from different experiments involving linear 
relations, we always obtain a "best" straight line. The orientation of .this 
line on the^-* coordinate plane will vary from experiment to experiment-. We can, 
however, discuss three general typep. In Chapter 2 we found that a line which- 
intersects' the vertical axis at a point other than the origin would have an 
equation of the form y = mx + b, as illustrated in 9(a)l In the Number 
Generator Experiment and the Falling Sphere Jbcperiment, the graphical repre- 
sentation of the data passed" through the origin. Figure 9(b). We found that 
all graphs of* this type could be represented by an equation of the fom y = mx. 
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.Suppose, however, ve are to ar- 
rive 'at a graph vhicli looks like that * 
in Figure 9(c) • In^this cas<5, if our , 
domain is limited to-,, values greater 
than'a'/ve will-not. have a -"yintercept 
at all". The slope, however, can 
still be calculated in the usual way 
by selectiYig any two points on the 
graph and finding the ratio of the 
vertical distance 'between these points 
to the horizontal distance between 
thoa. .The' slope is'^the same for any 
two points on a straight line. To 
, obtain the equation of this line/ the 
point at vhich the line intersects 
the horizontal axis is taken as our 
first point, and this point has the 
coordinates (a,0). Then for any arb- 
itrary, point with coordinates (X,Y) 
ve can find the slope at this point. 

^ ; Y -■ 0 



Using this value of the slope, the 



■(^,0) 

Figure 9 

#5uation relating x and y can be written 

y = m(x - a) . ^ 

^^O^is i-s the third of three "special" fonns of the equation of a straight 
.line.. It is not Necessary to remember all three fonns. Instead', we can find • 
a general representation for every straight line by using the slope of that 
line and .anj: point on the line, "in Figure' 10 ve have a point whose- coordinates 
(c.d) are known/ If we have previously calculated the slope (m) of this line, 
then, for any 'Arbitrary point (x,y) we have 



X - c 



from the definition of slbpe^ and thus 



y - d = m(x - c). 
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Figure 10 



This more general fom of a linear 
equatikn is called the "jjoint-!' 
slope"' torn. TtilB fom of' the 
equation of a straight line will 
yield each of the three special 
foms simply "by selecting »the ap- 
propriate special point in each ' 
instance • This is done "belpw* . 

W .J 



If the graph intersects the y-a^s, the coordinates of the point of 
intersection are (O,^). These values inserted in the point-slope equation 
gives r , ' - ' * " 



y - "b = m(x - O) , 



.and' then 



• •* ' y = mx + "b (the "slope-intercept" fom)» 

If the graph happens to pass through the origin, ve can make use of the 
coordinates of this point, (0,b), and obtain ' 

y - 0 = m(x -0) 

and^ ^ ! - - ~ ^ ' , ^ ^ 

y = mx . . " . 

* * 

•In a similar manner, if the line intersects the x-axis, the point of 
intersection ha^. coordinates (a,0') and ve^btain - ^ 



m(x - a) ' 



or 



Exercise 2 



1. ^Ite the equations of the lines jH^, . jl^ and /^' the two 

-poin^is indicated in each case. - ^ 




' 0 2 ' h ' 6" 8 10 12 U . l6 l8 20 
Write the equations of the lines I^.bh^ • 



' 30 

26 
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■8 -10 12 .11+ \l6 18 20 22 21+ 



'Find the x and /.intercepts for line^/^ and. 'ig . 
Do not extend the lines .to olDtain a graphical solution. Remember that 
the y- intercept is the point for which x 0, and the x-intercept is 
the point vhere y = 0 . 
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6. 



Refer to your time-distance graph obtained in the Falling Sphere Experi- 
ment* Usin^ a point not on the vertical axis together vith the slope, 
find the equatiop to represent ^t^*-laeat-«xraight line, ^Show that 4^is ' 
is equivalent to the equation obtained using the slope-intercept fom» 

The following equations are expressed in point-slope fom: 

y - 6 = 3(x + ii) 

y + 2 = -2(x - 3) 

2) 



y + 7 = |{x^ 



- y - 0,5 = -li(x + 3-5) 

Solve each of these for y. State the slope of the line and the y- 1 
intercept' in each case. 

Take your graph of the data obtained in the Loaded Beam E5q)erimtfft,, fit 
a *^est" line and olDtain an equation of this line, using, the slope- 
intercept fonn( and the point-slope form. 




3»7 Relations and Converses ^ * 

A graphical .representation is perhaps the most illuminating way to pre- 
sent a relation; It conveys at a glance much important infomation. For 
example, in Figure 11(a) a graph of a sesui-circle of radius fiye is shown. 
The graph intersects the horizontal axis at two points, (-5,0) and (5,0) and 
the vertical axis at th^e point' (0,5), Figur^ldi) is laheled to indicate the 
domain and the range. The domain is the 'set of numhers (d) suc^ that ^- 
-5 < d < 5, The range is the set of nvmihers (r) such that 0 < r < 5 , 
Figure 11(c) shows a line segment in the first quadrant. What are the domain 
and range of this relation? - • ^ 
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' In the Palling Sphere Bcp6riment we Have a relation .between the f 
,paii:s ^ch is of the foim-;^time value, distance value). If we tay tks s?t J 
of ordered pairs and interchange, the first and second ele^ehts^in eachT^air/^ 
we will obtain the converse of the relation. This means that we will^tiave or^ 
dered pairs of the fom (distance value, time value). The set of dist'ance 
values will now fom the domain and will be plotted along* the horizonti^l, axis^ 
■^and the set' of time values will becccje^e range and be plotted along the- 
vertical axis. / * 

'^e •example below gives a set of ordered pairs A and infonnation about 
the relation 



Lation aa( 
Example: / 



A = {(0,0), (1,2)^ (2,M, (3,6)} 
( converse; = {(0,0), (2,1), {h,2), (6,3)} 



Graplj 
of 
A 



Graph 
of 

■' Converse 



6 
k 



6 
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2 
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domain {0, 1,,2, 3) 
range {0, 2, i+, 6)* 
relationJ.s a function 



danain {O', 2, 6) 
range {O, 1, 2, 3) 
' converse is a function 



0 2 ii 6 Exercise 3 

(a) Graph the ordered pai.»s given below, ' state the domain W range and tell 

>, \ * 

if the relation is a functig^^^ , 

(b) In each case fo?m the convei^e relation by interchanging the first and 
second elements of the ordered pairs. Graph the converse, state th« 
new dcaaain and range •and t^l if the converse is a function^ " ' 

1., Q= r{2,3), (3^^V(2>5)3^ ' ^ 3. {(3,6), (3,-2)', (1^,-2)) 
^. M- ((5,3), (A3)j,^X^,.3^:^}' 



1^/ P = {(-1,-3),' (-2,-5)^ (-3,-7)) 



3*6 Inverse Functio^^ • 



^s4 



In'Pro'blem h above^ you should have reported that both the relation and^*^- 
"its converse met the definition of a functionr^ When this situation occurs, . 
-we say that th^e- relation and. its converse^are inverse functions . With this " 
definition we see that every relation will have a converse but not every 
function has ^an inverse. Prom thi$ point on, when we refer to an inverse " v 
•we mean that the relation in question is a function and that its., converse 
i§ also a function. - . 

We can use the graph of a relation 'to tell if the relation is a faction, ' 
as described in^Chapter 2. The graph c^' also be used to tell us Af the ^ 
.ifunction has an inverse, or, in other words, to tell us if 'the converse of^,, 
any relrftion^is a function. ^ ' 

J ' . ■ ■ ' 

Recall frgm Chapter 2^hat if no line parallel to the vertical axis 
meets the graph of a relation in more than one point, then the relation is ^ , 
a functipn. It is not necessarv to^drav the converse relation to decide if 
the function has an inverse. If no line parallel to the horizontal axis meets 
the graph of relation in more tbanjDne point, then the converse of the rela- 
tion* is a function. By a combination of these two graphical tests we can 
decide if a function has ah inverse. (See Figure 12.) ^ ' ' ^ 



1 I , 

! relation is IJOT a func. 
converse is NOT a func. 



(a) ' 


1 
1 
1 


(b) 










1 \ • 






1 relation is 


a func. 




converse is 


NOT a 



function 




relation is a function 
s 
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] Jjost as^relations -which meet certain qualifications are^put? in^ special 

,xa8s'&>.cailed functions • functions ^ich have an inv^e are given a special 

name. They are called o^e- to-one functions. Every element in the dcxnain 

] ' — '~z — — 

♦"will yield^bne elenent in the range and every^ element, in the rafigeo^ill yield 

' •* 
.onef element in-the domain. 

Exercise k 

1^ Refer to Ejcercise 2 in Chapter 2. For eacfi of the'' graphs, check to see 
If the converse of the relation shown is a function, fire any of t^^ese 

* " relations one-to-one functions? 

* , 'V 

2. In the Falling Sphere Experiment, the data in the tahle forms a relation. 
. (a)* Wh^t are the domain and range of this relation? 

(h) * Is this relation a function? 

3. J)oes the "hest straight line" describe a function? 

k. Are. the domain and* range of the "hest straight line" relation the same 
as the danain and range of the "data relation"? Explain. 

*5. Are the domain^ and* range of the equation the same as the danain arid 
' range of -the gr^ph of the "best straight line? 

* 6. In the Falling Sphere Experiment obtained the equati9n d mt. Obtain 
the converse relation hy algebraic means. (Hint: solve the equation 
for * in terms of d.) * How might we have conducted th^ experiment to 
give the "converse relation directly? 

,^7. W)o the original Falling Sphere relation and its converse fonn.one-to- 

, disfunctions? 

*- • 
♦ ♦ 

3^9 Graphical Translation of Coordinate Axes 

A line drflwja on coordinate^^aper always represents some sort of liinear 
function. In Section- 3.6 we learned that we can write the equation of a' line 
if-we know its slope and the cooiiinates of one point on the line*. In general, 
if tk€*^slope^ of the line is m ani the coordinates of one point on the line are 
.(cd),, the equa^^on of the line ts 

[ = m(x - c) . 

This general form of a linear equation is called the '^'point- slope" fomr. Ttie 
constants c, d and m in this equation detennine the location and orfentation 



of the line on^the coordinate plane • , . ^ . 

Jor many^piirposes'^it is very useful to think of all lines that can "be 
drawn as different positions of a single, line* It is only the mathematical 

desc^ption of the line that differs • ^ne point of view would he to thiik 

«•? 

of the line" as having ^ved frcm one position to another with respect to the 
coordinate, axes. It is also possible to think of the coordinate axes as • . , 
having shifted with respect to the line. This iatt^iapprotfch is tie one^ ° 
ve*wlll discuss in this section. ■ v • * V 

Ah 'excellent way to visualize -this tranpKtion is to have the coordinate 
axes drawn on a' transparait sheet which can then he moved ahout over the 
figure* An 8~ X 11-inch sheet of f;rosted acetate provides a good surface 
•upon which a set of movable coordinate axes may he dralm. In making the over- 
lay, the frosted side of the ace-fate should he up. Paicil lines can easily he 
drawn and erased on this surface. The "moving** axes must have^;the same scale 
as those on the coordinate axes which ai^e to he translated. 

Wfito'4he -plastic sheet is placed upon a regular , sheet of graph paper,^ 
the graph beneath is easily visible. In this way the graph can be resSiily 



relate^, to the "new^ coordinate iaxes carried by the overlying plastic sheet. 

* \ - ■ \ 

. !Hie new axes may be placed in any ^sition you wish. The sheet of frosted 
acet^tte, a piece of graph paj>er, and the ccmbluation of the ti)^i,,tfpfe shown* in 
Blgure 13(a), (b)*and (c). , ^ . x 





Acetate sheet with axetf. 
(a) 



Coordinate paper and grapli. 




Graph viewed in relation to flew axe 
' (c) •• . 



-X and y 



Figure, I3 

- 16. 
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lijgure 13tc) 8hovB the coordinate axes X and Y displaced upward , with ^ 
respect* to the origin of the graph "beneath^ ^e use of the capital letters 
X and Y on the overlay will help us to remember that these represent the 
axes that^xe translated. o • * / 

. It must he refilized that "If we are to allow any kind of motion of the 
^coor dinate axes X and Y, this motion mi ght he rather complicated. Ve can 



silapliiy, ma-tters , however, hy recognizing that any complex motion may be 
hTOken into two part^. One of ,^hese parts ^ie simple straight line motion, 
^/called a translation, and the second is ^tation. Any motion of the coordin- 
^"^'ate axes is given hy a comhihation of these two types. Only straight line 
motion of the axes \flll he considered here. There is one other important 
point to he made. Any motioijl of translation can he consider^ -as made up* of • 
two translations, one in the, horizontal direction and one in the vertical 
direction. / ' ' , 

. Suppose we* start with^'the X and Y axes on the piastic overlay coincident 
with the X and y axes, on trie sheet underneath. When these axes are trans- 
lated, the entire plj^ic sheet moves horizontally and vertically and is not 
rotated. The X axis must jalways remain parallel to the ori ginal x axis and 
the Y.axis must always remainr-parallel to the original y a3cis. 

Figure shows the grapfi of a linear function and Figure stig- 

, ' gesAs one of the many ways in ^ich tHI^oordinate axes may he shifted.* The 

* axes have heen moved upward untll-the new origin is at" the original y-intercept 
. Using this new position of the axes, the ^uation of the line would now he of 
/ ' .the fqim Y - mX, whtre hefore it was of the fom y - d = m(x' - c) . 
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Notice that the slope of a line never changes as the axes are trans- 
Iated4 Thitf is an extro^y important feature of a linear translation. When 
the axes are rotated, this atatement" is no longer valid ♦ 

Example: - ' 

Suppose, as i^i Figure' 15, ve have a line which passes through the 
origin ♦ Jhe slope of this ^line is 5 ju ai)d the equation of the line is 



y = (|) X 
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Figure 15 - •. ' 

Let us now translate the'-coordinate axes two units to the left and four units 
downward. !Ihis new situation is shown in Figure l6. 'The shifted axes are » 
labeled, as before, X and Y, and the ori&inal axes are shown as dotted lines. 



r 

{ 



































Y 




y 






T 


























































* 
























































































































x 
















































































































X 





























Figure l6 
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You should now verify that the slope of the. line is still ^ . The 
coordinates of the old origin are now {2,k), and'the equation of the line 
is'^now Y - = (|)(X • 2) • This new equation is derived from the point- 
slope form/ 

Exercise ^ 

1. With reference to a set of coordinate axes, select the point (2,3) and ^ 

. • ' . 1 ^ 

through this point draw the line whose slope is ^ . What is the 

^ equation of thisnline? Use your plastic overlay tb ohtain the rCtfft ' . 

equati6n of this line when the origi^ is shifted: ^ 

Ta) to the left 3 units; ^ ^ 

■^^^^^^ (b-) to the right 3 units; . ' ^ A 

^ (c) ^ units upwards; ' - . 

(d) \ units downwards; 

(e) ^ the left 3 units and up units; . 

(f) to the left 3 units and down ^ units. 

2. WJLth reference to a set of coordinate axes, draw the line which passes 
through the points (l,7) and (7,5)- What is the equation of this line? 
Use your plastic Q^aftrlay to ohtain the^new equation of this line when . 

' the origin is shifted: 

(a) \q the x-intercept; ^ 

(b) to the y- intercept; ^ * . 
^ (c) to the point (^,6)* . 

y o 

5.I0 Algebraic Translation of Coordinate j^es * . A 

^ The mathematical description of a graph may "be ohta^.ned easily hy using 
the graphical procedure described in the preceding section^It is also de- 
sirable to he able to describe a gr^ph after the axes have been translated 
' without\e^orting to.-^he andlysisj of the graplRiXself . , 



-Firs: we will shoV thit the ^>oiiit-slope representation of a line can be 

r ' ' ' . > * 

considered as one in- which the * coordinate axes have already 



both horizontal and vertical directions. 



:een ^anslated in 



Suppose we have a ^line which passbes through the origin 
'5]h4 equafion of this line is 1y ^ mx • 



(Figure 17). 
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Figure 17 



Let lis nov translate the cooi^dinate axes "c" \aaits to the left and "d" units 
"downward. The shifted axes are labeled, as "before, X and Y (Figure l8). 
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After the translations, tlie old origin no longer has ^ihe coordinates' (0,0), 

Let 6 horizontal translation to the left he considered negative and a vertical 
^ - j • 

translation dcwnward >al80 he n^ative.^ In this case, the horizontal transla- 
tion is (-cV and the vertical Hranslation (-d) (Figure 19)* '"The position 
of the new origin is c .-units to the left of the old origic. Therefore, the 

horizontal coolftinate of the old origin is c. ;Similarly, the new vertical 
coordinate Is d. 




mm i t III { I III I rm 1 1 1 1 n e j i j "0. i yg 



Figure 19 ; • 

Since the i^int (c,d), the cooixlinates of the'oM origin, is a particular 
point on the line, we can now describe the line in the familiar point-slope 
f om as ' - ' ' ^ . 

^ ^ ' Y - d = m(X - c) . 

If we now write this same expression, in slightly diff erentjform 

... Y + (-d) = m [.X + (-c)]. 

we may draw an interesting conclusion. Since the qu^titiea in parentheses ^ 
are the horizontal and vertical translation distances, this last equations tellf . 
yxa that the- point-slope representation of a line is given hy setting Che 
Y- coordinate plu? the vertical translation equal to the slope of the line times 
the quantity, X-coordinate plus the horizontal translation. 

Y + (vertical translation i? m X +[(horizontal translation)] 
• The procedxire described above is a general one, even though it was de- 
, rived for the particular case , of a line passing througji the origin, -^uppose^ 
for example, we have the line ^hown in- Figure 20. The equation of the line 
is ' ' ' . . 

. • y - =|{x - M • 







\ 
























• 




































ii = 










\ 
































c 




















\ 




























































r 


't 














f 








































. i 


] 




r 
C 


















i 


, 1 



















, «;5$lgure"-;2&'".' -. 
/t'. 81..- 



-2=1- 



Let us translate the axes, this time vith a -horizontal translation of two units 
to the right and a vertical translation of one itnit up. This translation is 
shown in Figure 21. Ttxe original axes are shown with dotted lines. In rela- . 
tion to our new axes, every poliit on the line has a new pair of coordinates 
(x-2,y-2). The slope of the line has, of course, not chang^. 
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^ ♦ X Figure 21 

Let us now use the point-slope method to find the equatilSn of , this line. 
The point we used originally had coordinates with respect to the new 

a3ces its^ coordinates are now (U-2,U-l). Ihus, the equation of the line is 



now 



Y - (U-l) =i [X 



(U.2)} 

and again rewriting. in d slightly different form. 



Y - U +.(2) =i [X - U + (2)]- 

Simplified, th^ new equation of the line becomes Y - 3 '=^C - 1, or 
X = |x + 2 with respect to the new origin. * . i 

'We normally designate a horizontal translation by the symbol hi etnd the 
Vertical translation by the symbol k. As previously stated ^ ^ horiziontaL- 
translation to the right is positive (left is, negative) and a vertical trans- 
lation upward is posiyve (downward is negative). We can^now jnake a gener^l^ 
equation to represent the malihematical description of a line which resul;ts ^ 
a transition of ajces fran any previous point. If the origihal description o 



the line was 



y.-* d"='m(x 



1 

c),,. 




a hoi^^ontal translation of h units and a vertical translation of k £ives a 
new expression ^ • , ' " » ' 

. y d^H. k = m [X - c + k] . 



Exercise 6 



!• ^ With; reference to a set of coordinate axes^draw the line which passes 
through the^pointsv (i|;8) and (0,0), What is the equation of this line? 
0"btain the equation of this line algebraically when the oilgin has been 
translated: ^ 

(a) to the left 3 vinits;^ 

(b) to the right U \inits; 

(c) to the left 3 units and down \ units • 

2. With reference to a set of coordinate axes, draw the line which passjss 
through the point (l,7) afid (7,5) r Write, the^ equation of this line in 
* point -»slope form. Obtain the equation o€ this line algebraically when 
the origin has been translated: 

(a) to the x-intercept; • 

(b) to the y-intercept; ' 

(c) to the jp6Tnt~t^,6) . 

Corapare-.your' results to those obtained graphically in Problem 2 in 
Exercise 5* ^ 

3 .11 S\anmary ^ 

.U^ing the Falling Sphere Tixperiment to provide^ the data, we investigated 
the phenomenon ,of terminal velocity. From this data it was also^ found that a 
, **best straight line" could be drawn which is an idealized f-epresentajion of the 
data* This Idealized line is a physical model of the relation^. It then fol- 
l<5wefl,,that frcxn^the physical model it was jlpossfble to ievelop a' lath enable al'^ 

inodel of thedata. ^ ./I . I ^ 

i 

The slope-intercept form of the linear equation was d^tivM to assist us 
^ work with linear Wijrtions . tt also followed that relations, their con- 
..verses, and inverse fur^ptions could be readily developed. Tlie, one-lip-one 
functionsu were then introduced. ^ f 

Finally, the translation of a^es.was investigated. , Two separate 'pro- 
cedures wete used.. First, the translation was perfomed^s a physical process 



using a piece ot^ frosted acetate to clarify the meaning of the translation. 
Next^ the mathematical model vhich describes this translation vas evolved. . 




Chapter , ^ ' 

' • AN EXPERIMENT APPROACH TO NONIOl^EAB FUNCTIONS 

: ■■■ < \ • - 

* Introduction ^ * \ ' 

r ' . ' * 

Not ,all physical situations dan be. described by a simple straight Vine. 
In certain cases tlie graph of one variable pldtted against another will be 
soine sort of curve. Usually these cases can be approached in sf fjishion sim^ 
ilar to that used with linear functions, but new mathematical models must 
be found. " * i . 

In this chapter you wilj^ learn that nonlinear models are needed to rep- 
♦ ;?:esent certain physical^ sit uaAons . The nonlinear relations that we will en- 
coxxnter ii^e represent a more complicated kind of function than the linear 
function . . t \ 

These functions wij.1 give you a deeper insight into concepts which have 
already .been introduced. , ' * ' 



The Wick ; k Classroom Experiment 



you have seen and used many exauiples of* materials which absorb water^ 
mint or other liquids.- When yoiariitibie brother spills his milk someone Ifl 
apt tb use a napkin, paper towel or dish cloth to absorb the milk. , , 

* .Years ago your grandparents probably used kerosene lamps for lighting in 
their homp. Your parents ^y have a kerosene lamp or lantern forr *?Ise in can?)* 
ing or at home if the electrical power is cut off. The strip of material which 
hangs down into tAie kerosene and extends up to the turner is called a vick * 
This wick absorbs the kerosene ^nd conducts it to the burner. 

No doubt you have observed 
Vhere a liquid travels al|)ng a 

At what rate does this abf orbing take place? 16 the rate of Jbravel con- 

stant^ increasing, or decreasing? Can we build a physical model of this 

procjess?. How about a Mathematical model? An djater'esting expe!riment can help 

to answer some of these questions. ^ 
' ' • - . ' . » 

T^'^ • „ ► • ^ , 

For this experdment you ytXl pee(i a strip of filter jpaper or chromato- 

garaphy .paper, a containe^r for/. water, and a watch or c3^ck with a sweep second 

1^ . ' 'U' 



.this -phenomenon in a number of situations 
strip of material. 



hand. Hie purpose of the experiment Is to gather data regarding the rate of 
ascent of water up the paper, wick. ^From this ,data we will attempt to deter- 
mine if t^k movement^ obeys some physical law. To achieve this we must some- 
how make Bomk progress readings as the proces's i^ goi;;^ on. Let us take a 

• \ ' * 

strip of tbe chromatography paper 1$ cm long and mark 'it with dots at- otfe 

centimeter in-^ervaiQ along its length as shown in- Figure 1. ^ s 



* 4 



• ' - , . Figure 1 ' 

This strip will be( y^ur wick. Now slip a regulair. paper clip on one •end and> 
three- inc^''piece' of transparent tape on the other etLd as an extension for 
hanging the strip from a support. Start witih the secoud mark from the .paper 
.clip' end and number each dot from 0 to 7 Aiclu6ive. JIow your strip should 
look like Figure 2. . . • 
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Figure 2 



A glass or pyrex 5CX) cc 'beaker is ideal f03> your water container but you 
could use a regular drinking glass. If it is breezjy in your classroom a taller 
beaker or a quart jar might make your work easier. '1^'u ne^djto rig scnne manner 
of hanger for the wick. If you use a low containe:- fpr the water> a s^ck of 

^ ^ ' « ^ r* • / ^» 

books with the top book protruding out about two iji6hes^t>Ver tJrfe dids of the . 

- s\ ij t 
other books will work fine as a place to suspend the-^cZ.' .Cflst Itr^eic the 

.wick into the water gnd stick the tape to. the edge of thexpcrciijading book. 
If you use a tall jar simply lay a pencil or ruler across thJel'^p' of the 4^r / 

'land hang the wick from he^r^ so that it reaches into the w&t^J^vto the fcero 
point Figure 3 shows how these two alternate set-ups^ might lo'jiik.. Either/ 
maali prove more satisfactory for you. « :\ - , . ' 





Figure 3 



I Here are some helpfujjhiats for performing your experiment. 

(1) Sight across the water surface and hold the wick on the otftside at 
tlje Rxoper level so that the zero point of the wick is even with tfee surface 

of the water. Do this to determj.ne ahead of time about what level to stick 

i 

the tape to your hanger. • 

• / ^- 

(2) Work with a partner so that* when you dip the wick into ti^e water to 
the 'zero point ^ur partner can be ready to watch the water move up the wick 

^ and record the second S'^^ssed as the water reaches each successive numbered 
^point. Be readyl It \j^ll move fast at the beginning. 

* , {3) Recot^ your data in a table listing the numbers 0 through 7 in one 
^ column and the time wfficH corresponds with each point in the other column. 

Yo ur * ta ble might look like the one shown in Figure 4. " 



♦ Centimeter 
n^rk 


Tinje 
min - sec 


■Itotal seconds, ' 
■ , ^ expired 


d 


8 . CX)- 


0 


1 


■ 08 


. 8 


2 


8*'- 1*5 


• ^5 _ '/ 


■3 


9 1^ 




If 




V 


5 






6 






7 
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Prom your table of recorded data you can form a spt, of ordered pairs. 
'Each ordered pair should be of the form (centimeter mark, total seconds^ You 
may need' to repeat the exp^iment several times to improve your technique. 
When you feel you have gained a useable set of data, you are ready to construct 
a physical model of your data in the form of a graph • Let your origin be at 
^he lower *left hand corner of a full„ sheet of graph paper. Determine your 
horiiiontal,,§nd vertical- scales based on your data so that you will use .the . 
*Whole sheet of . paper for your graph. Plot your set of ordered pairs on the 
graph papeT. You^ are now ready to investigate the mathematics of the Wick. 



4.3 ^e Physical Model 



The Wick Experiment has given us a set of ordeired pairs of the form 
(distance, time).^ The graph should look similar to the graph in Figure 5. 



I 



Di^thnce (cm) 



Figure 5 



/athough these data points are, in themselves, a relation they are not partic- 
ulajrly useful in j^escriT|ing, the behavior of the Wick'. We would like to con- 
struct a physical model which wotild allow us^to predict ordered pairs between 
the points. For 'ajiy inte^ediate l^ength injfipe domain we would like to be^ able 
to^Atermine the corresponding time interval. Quite ,naturall^ we are in<?iined 
t^^onnect the various data points. Our first tenden'cy might be to connect 
the points by a .best straight line. However, it becomes immediately obrvious 
that no straight line can fit the data. In fac^*, the array of points ^pn t^ 
grapfe carries a strong tendency toward a continually increasing slope. If 



Ve conhect successive points with straight line segments, we. g?t a iJiodel which 
shows this tendency even hetter. Ihis model seems to say that the absorption 
progresses regularly for a short timej then there is a sharp jump, after which 
It again progresses regularly. In the experiment, we did not observe any jumps 
in absorption whi*ch would account for kinks in the graph. We realfze "that 
there should be no particular reason 'for i^e kinks to appear, at the points 
whic"h were graphed. If this were the case and we had taken data at half-centi- 
meter intervals, there would be an extra set of kinks between the present set 
of data/points. "Cdnnecting the data points by segmfen^ is possible, but, as 
we^^pee, not very realistic' A more re^istic physical model would "tie a amooth 
curve through or near the pclints. A smooth 'Curve representing the data is 
shown in Figure 6. Drawing the %est" curve means the smooth curve whicl\ ' you 
feel fits the data. Even though everyone in the group uses the same data' this 
does not mean everyone will drair the same curve to construct this p'hysical ' 
model. .1 . . ' * ' • ' 




Tlji 



Fig)&e 6 

e next Step? is to see if our physical mod^l leads to a simpl 



representation. This model should represent the physical siti: 
ately and^ concisely. In addition, we may be^ able to use the 

from the mathematical model 'tp help us understand ^he physicalWorld. * The ^ 
question rfoy is how to proceed. Since we alreatiy know sqine^^hing about linear 
functions, t-t may be wise to attempt to lise this , knowledge in this- present ^c^ise'• 
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k,k Mathematical Mpdel 

He have generalized the experimental results and. through physical reason-* 
£hg created a physical model. 

Since the graph is not a straigjit line it is irame(iiately evident that it 

is not linearly reltited -^o ' d . Howeyer it may be possible to form ol*dered , 

pairs by pei^orming some oper^ition on d or t which will result in a linear 

* \* 

relatiorf. For example, perhaps one of the following types of ordered ^airs 
•will give a linear relation: (p"^)^ (^Z"^)^ ^'^h (v^^t). When a mathe- 
matician or scientist has studied many relations and their graphs he is usu- 
ally able to determine ffom the shape and location of a graph an approach to 
the related mathematical model. Remember your work in Chapter 2 and .3' When ' 
the data gra]^hed produced a straight line you came to know that an equation 
of the form y = mx + b could 'be ^sed to describe the ^gr a ph. 

Exercise 1 » , 

^ Each of the following problems consists^^of a set of ordered pairs of the form 
(x^y). ./ • ' ' ^ • • ' • 

(a) Graph each set of ordered pairs* (Check the domain and range before", 
setting scales on the x and y axes.), , * . ' , 

(b) Draw a smooth curve through the points. . ^ , 

(c) Fdrm a ney set of ordered pairs following the instructions given 

/ \i±th each problem. (Problem 1 is partially completed as an exaji5)le,) 

(d) Graph this new set of ordered pairs on a new shegt of graph paper, < 
^ 1^ 

(e) In each case part (d) should yield a straight line;<.find the equation 

t • " ' * 

of this line using the methods of Chaptei; 3« ' ' ^ . 

1. {(0,0), (i J), ,(lAf,.(''2,i^), ^3,9)) (i+,l6}, ^(^^ . ^ " 

Form ordered pairs of the form (x ,y). » 

{(0,0), {\,\), ...,(25,2^)} 

.2. {(1,0), (2,6), (3,16),. (li',30), (5,1*8), (6,76)-) 

2 

Form ordered pairs of the form (x ,y). 

.3. S(0,l),"(l,l|),'(2,5), (3,1^)^ C^^BS)} ' •■ ^ • 
Fbrm ordered pairs of the fom ,(x^^y). 

'4. {(0,3), (1>), (l*',5),'(9,6), (16,7), (25,8)} 
Form order^dv pairs of the form (vSc,y). 



5. 



((39>1)> (15,2), (10,3), (6,5), (3,10), (2,15), d,30)) 
Form ordered pairs of the form (i,y). 



6. Using the set of ordered pairs (djt) you *btained from the Wick Experi- 
ment, form and graph 'the ordered pairs: 

(a) (d2,t); ■ • ^ ' • ■ . 

(b) (d,t^); ' . - V 
. (c) (d3,t). . 

Which of these gi^s data which is closest to a straight line? 



^•5 Horizontal Metro nome , . 

OsciH-ating system^ provide a convenient and 'easily constructed means for 
generating nonlinear functions. Such functions also occur -jigry often in our 
^^eryday life. A point ^on any rotating wheej. exhibits an oscillating behavior. 
Since an oscillating system :^epeais itself^ in ti^e and space, measurements can 
be started and stopped ^t convenient times and "places. For example, a pendulum 
can be started and allowed to swi,ng until any irregularities have disappeared. 
Aftei* these irregularities have disappeared the timing can be started and the 
time for one swing measured. We do not have to initiate* the motion and" start 
the timing at the same time. On the other hand for a ball rolling down an^ 
inclined plane the timing must be started at the same time the ball is released. 

Ir^his Experiment we will examine an oscillating system nnmpr-t s^^nf a 
hack saw blade clamped in a vise at one end and loaded at the other with a * 
piece of lead. Vcie equipment ,is illustrated in Figure ?• Clamp the blade so 
tlfat the motipn is in a horizontal' plane. When any stiff rod clampe'd ^jone 
end is pulled aside, a force is felt which tends to restore it to its original 
position.* When released the rod will pass through the equilibrium position 
and the direction of the restoring force will be reversed.^' Therefore, the rod 
will exhibit ta and fro motion, and we-'say it is oscilLa-^ing, 



\ 
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Figure 7 v 

For any t^-pe pf motion which repeats itself in equal intervals of time', 
t^e time Ir.zerval between any event and the moment the same event occurs again 
is called .the period . The period is usually meas-ore^ from a point of maximum 
deflection. For example, the period of the hack saw 'blade will be the time 
interval for xne lead weight to move from one extreme position until it returns 
to th^t same position . 



The hack saw blade*wlthout the attached mass will vibrate very] rapidly. 
The corresponding period is 'small. Placing a mass on tT:ie 'free eijd of the blade 
will*§4pwth^ vibi^ting.motion of the blade'and thus increase ^he peHod- 

A little experimentation will a'lso show tlia't the period of vibration • - 
depends upon tne length of the rodT This length is measured -from the edge 
of the/Jaws of the vise to the center of the lea.d mass. If -ve allow a short 
length of the rod to vibrate, the, period will be small. However the longer 
the length (d) the longer the period (t). Therefore, period of vibration 
depends on the length' of the rod. Other physi^cal characteristics can influ^'^e " 
the period ^f the ro.d. One of these is thfe size and shape of the rod and an- 
other is. the maximum displacement of the awing from the rest position (amplitude). 

In thissrexperiment ve are' going to invest|.gdite how' the length' of the rod 
' inflc(ences the peri(^d. Once tjnis has be>en decided we must fix all of the other 
possible variables. Hence, if we take a particular hack saw blad^, a fixed 
mass for the load,^ and ke'^ the .amplitude fairly constan"^, there ^ should^be no , 
infliiences on the peniod other .tfean the' Tehgth*^/ . • — w,^-- 



These conditions and the equipment form a basis for the experiment. For 
each selected length of the blade (d) we will measure Ihe period (t). TJo each 
length there corresponds onlj^ one period. Thus the two measure^nents forttl an 
ordered paij (d^t). That is, a length-time relationship^. For relations which 
may be nonlinear, it is advisable to have the domain cover ,as l^arge gn inter- 
nal as possible. If the blade measures 30 cm, clamp it in the vise to give a 

starting length. of 20 cm. Make a period measurement at this setting. Shorten 

■# 

the blade length by 1 cm and take a new period measurement. Repeat thlB proces 

I • ^ 

of adjusting the blade length and measuring the period until you get a blade 

length of 10 cm. Below this 10-cm length ^the period will probably be so short 
xhaii time measurements by visual methods are im^^ssible. A convenient and 
more accurate method for determining the period is to take the tijne for 5^ 
oscillations with a stop watch and the divide this tiWe by ^0. ?his method 
of measuring period gives i more accurate result than trying to measure the 
period for a Single oscillatioVi. Starting Kiith the longest length and working 
toward stao^^r lengtns nas a definite advantage. Long lengths correspond to 
long pe^^s aqd are easy to measure. The techniques developed to measure 
longefr periods will prepare you to measure the smaller periods. You will 
probably find that periods shorter than, 0. 5 sec are quite ^diffitult to meas- 
ure accurately. ' v 

I 

. Tne length in centimeters of the blade (d) ig measured from J^he vise jaws 
to the center of tne leaiTweight. Tt^e distance should be" measured to the near 
est millimeter. Becord d in the first, column of your data sheet. Use the 
next lfwo columns to repord the numt^er-of oscillations and the total .time la 
seconds. From tnis data calculate the period (t),\nd record in column »fo»ir. 
Your table might look like the one in Figure 8. 



Lengtij 
d (mm) 


Nutfiber of 
Oscillations 


Tbtal 
Time 


Period 
t (sed) 




I « 










N 




• 




S: 
























Figure 8 
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•Now form the ordered ^airs (d,t) and plot them on a coordinate plane. If 
you like, you can record these ordered pairs in another column 'of your table. 
Label the hori 2,0 ntal- axis d, and the verti*al-axis t. Select' the .scales for 
both distance and time so that the graph will come as close as passible to 
fillijng the paper. The graph of the distance-jJeriod relation will look simi- 
lar to Figure 9a . 



El 

o 
u 




length (d) 
(a) 



Figure 9 



length (d) 
(b) 



Cautionl At j^irst glance this set of points might appear to* suggest a 
linear rel^ation. Bat a straight line through these ppints, if extended, would 
i^iterce'pt the d-axis to the right of the origin. This would suggest the exist- 
ence of an arm of some length that could not vibrate. 

I Actually, we can see from the experiment that as the length of the metro- 
fiome arm is 'shortened,, the time of the jjeraod also g^s shorter. This indi- 
cates that the gJfaph shou;Ld approach the origin instead of intersecting the 
d-axis at some other point ^ . ' ' • 

^ • ^ ' I . ' I ' ' 

Xn Figure ^"b we have drawi^ a segment of a curve 'through the plotted points. 
We do not^ 'have enough information to ^tend tKds curve closer to the origin at . 
the present time. . ' * o 

2 re again, as in the Wick Experiment, it Is evident that we do not ha\^fi 
r relation. The graph of our data is not a straight line, -"^ou^saw in 
Exercisq 1 how it was possible to form a new set of grdered pairs fromytHe'* 
data. The graph of the new set of ordered pairs will, have a different shape 
than<the graph of the original. set? * . , » 



^• t. 
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Consider the possibility thatv a linear relation may exi*st between d and 

* J ' • * ' ' 2 • ' ^ ^ 

Return to your data page*, label a new col^\imn d-, and icompute the value of 



9^ • 



-it 



d for. each measured d. On a fresh sheet of graph paper construct a new set of 
^Mea with the scales suitatl^ for the distance squared (d ) and the period (t). 
' Now plot the new (d ,t) ordered pairs. A graph similar to the one you will 



probabljr get is shown \xi Figure 10. 




length squared (d ) 
Figure 10 



If otnr-gtt4 



Jias been correct th^se points will fall on a straight line, and . 

2 " ' 

we can say that <t is "Tlneaailyr elated to d . Calculai>e the slope of this line 

e the equation of the line. Ihis fequa- 

er 



aii^ use th^ point-slope form to de^e" 



2 — 2 

tion will be of the 'form t = md + b. If the '^^d^ ^.t^ plot had not been a stral0it ' 
line, our next step woydd be .to compute d"^ and make a graph using (d ,t; pairs. '~ 
We would examine this graph, to see if it gave a linear yelation^and^ then pro* 
Ceed to. ^ind the J.dneaf equation. ^ ^ 

\We would now like 'to see if this equation can be used as a mathematical 

model for the curve in the-first gar.aph as drawn in Figure 9b. To chpck this, 

2' . ' ' 

select several values from the domain d. Use the equation t^ = md * + b vith ^ 

your "i^alues of m and b to calculate the period predicted by the equation. 

Fom^aTilew get of "theoretica}!" 'ordered pair^ (d,t) and plot these (d,t) points 

on the same sheet of .coordinate p^per used for your experimental points i Com- 

iQDn practice is to usle solid circles to indicate the "theoretical" paints *and ^ 
. * - > ' ' * ' <. * 

open circles for "data" , points. Use a dashed Tine to draw a smooth c?urve 

throju^h the sol^d. circles so you do. not confuse this new curve ^with the orlg- . 

inal curve through thfe' open circles. If this curve compares favorably to "the.. -^7 

experimental cuj^e then .we can use the equaipion as, our mathematical model of 

• the metronome. r • . « , ^ • ' / ^ . ^ * ' . j - 

** ^ The <3oSiain, as 'defined hy the ^Jperlment,^ did,^not .encompass all points Jof 
physical interest- 3ince we could hot. measure short periods', .It voultf be oj" 
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value ^to try to predict them. Great care must be exercised in doing this. It 
is'obviousf from the physical construction that before zero length is reached 
the .weights will prevent further shortening of the blade. In the other direc- 
tion it is obvious that continued extension of the blade is impossibles 'With 

0 

th^se limitations in mind the extensipn^ ean be carried ouly in the following 
' way. The raathemali^cal model of tne relation between d and t predicts^^ period - 
^*or eacht blade length inclu{y.ng zero, t Values-of^d within the extended domain 
are selected ?nd the corresponding periods (t) calculated». These new v^ue^ 
' of d t are now plotted bn the original graph and the curve extended, "^f^ 
. course t-can also be read directly off the straight line graph of (d ,t)i » 



Exercise 2^ ..• ' 

4. The following equations describe various curves. 

(a) Wh^t^. iorrrj j^f ordered pairs would^you predict in each case, to show e 
straight line^graph? ^ * . ; 

(b) Use the following numbers ^(-2;-l,l,2) from the domain of the given ^ 
relation tcs2:form*the predicted ordered pairs. / 

(c) ?lot. these points and check'to see if they fa^ll in a straight line. 

(d) Write the linear equation for 'eaclj graph. ^ * ' ^ 

Example: y = 3 (^) + 2 - , ; 

O X 

Predict ordered pairs of the form (-^y)- ' ^ 

-y = 3(- 1) * 2 ■ ■ 



2 2 



(. i i) 



In a eimilar way <the ■following 'oT'dered pairs, are calculated: 

(-1,-1) . 



(1,5) 
(i h 



N^e 




cannot be us6'd to-form an orderecj pair^fOr this ^relation 



since 



— is undefined. 
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(a) y = 



This* point is missing from the graph 
since "the ordered pair (0^2) is not 
in the relation. . 

' # - 

The equation of .the IX'^Q is 

y = 3u + 2. The domain of u is all . 
real numbers excep1I*'0 and Vange of y 
is alj|[ real numbers .except 2. 



x^ + 7 



'(b) 



7 



■(c) y =^ 
x^ 
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For example, to find v59, consider xhe ordered pair of the graph for which 
k9 is *th^ second element {l,h9). \s!he first element of this ordered pair 
Is 7 which is the V59 . ^ f • * 

From the graph obtaiJj the following values. 



(a) 




(i) 




• (b) 




.(J) 




(c) 




> ' • (k) 


(10.8)2 


(a) 




(1) 


(3.2)2 _ 


(e) 




• (m) 


(5.5>^ 


(f) 




(n) 


(6.8)2 


(g) 


7ii5 


(o) 


(76)2 


•(h) 


/75 




[Hint: (76)2 



V 



(7.6 X 10)"^ 

• . ^ ' = (7.6)^ X 100] 

From'' your original graph of (d,t) p'airs find th^ value of t corresponding 
to d = 8.5 cm. Using the equation you obtained to describe the distance- 
period "relation, calculate •the period corresponding to a distance of 8,5 cmi 
«>c6inp^e thp' two results. 

Each of the following sets of ordered pairs (d,r) describe 'wBrious curves. 

(a) ^Plot the points. 

(b) Draw the curve. . * ' 

(c) Form new ordered pairs of the form (d ,r) and pld<^these points. 

2 ^ 

(d) / If the (d ,r) ordered pe^irs torm. a linear relation draw the 



straight' Line and find the equation of the lirle. 

1 1\ 



, r 

(a) * {(0,0), (1,2), (%8^ C3,l8), (f, f).)^ 

(b) {(0,2), (1,3),* (&,6), (3,11), (^^,18)) ' . 

(c) {(0,2), (2,0), (1, |), (|, ^)) . ■ ■ 

(d) {(1,1), (2,-10), '(3,25), (|, ^), (|; ^)) . 

(e) {(1,0), "(f, ^), (2,7), (3,26), (|, i^)) . ^ • 

If we consider the domain of d to include all positive real nuitibers, use 

your mathematical model to calculate the values of the pei»iod that cortes- 

♦ 

pond to the following values ^of d. 

(a) d = 50 cm [ ' (c) d = 500 cm 

(b) d 100 cm . ^ (d) d = 1000 cm 



h.i T!tie Parabola 



In the chapter on linear functions we learned" that coefficients such as 

m and b in an equation of the form y = mx + b couldvbe used to descji^be a 

2 

line. We now have an equation of the form y - mx + b , and we are using 
this equation to describe a curve. The m in this case is not the slope. 

.Even though m is a number^ the ratio of "rise" to "run" for our curve is not 
constant. Since we haVe reserved these letters, m and b , to refer to pro- 

'Perties of a line let us change the , notation, in this new /equation so the con- 
stants will not be confused with the slope. and y-intercefpt of a straight line. 
Your equation with numerical values for •ra and 'b will of course not be 
chan^ed^. ^We will how use the letter A' to refer to the coefficient of the 



term and the letter C 



as the constant term. 

y 



'j[he equation will now read 



Ax^ + C 



Equations of the form, y = Ax + C, \^ere A apd C are real numbers^ and A is 
not 0, are called quadratic equations . ^ , 

To investigate the influence of A upon the curve we can set C equal 

^ 2 . 

to zero and then determine the shape of the graph of y ^ Ax for different 

values of A. The tables in Figure 11 give ordered pairs for various equations 
of -the form y 



Ax^. The graphs of these* ordered pairs are ^hown in Figure 12. 



Table T 


Table II 


Table III 


Table IV 


Table V 
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X 
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= 2^ 
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0 




0 
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4 




2 


2 
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Figure 11 



Once we leave an experimental situation and have a purely mattiematical rela- 

tibnsliip it is comnon practice, to let the domain consist of all real numbers 

vhich vill yield real numbers for the range. For all real numbers A and x, 
' 2 ' 2 

Ax will be a real number so the domain of y*= Ax is the set oT all real 

numbers. This is the reason for the negative values of x used in the table, y 

If the relation had been of the form y = the domain would be the s^t of 

x^ / ■ 

all real numbers excluding zero. In these tables, x assumes both positive and 

r j 

negative yalues and the .coefficient A has five different values. 

From the* tables and 4^he graphs of the ordered pairs we can see that there 

' ^ . 2 

i's a definite ana logy ^between the m in the *y = mx and the A in y = Ax . 

Tflien the slope m is positive we have a "rising" line and when the slope m 

is negative a "falling" line. When A is? positive in y = Ax thq curve 

opens "up" and when ' A is negative it opens* "down". For a line |m| tells 

us ho^ f &st the line rises or falls . The numerical value of • A tells us 

about ihe* "flatness" of the curve. Smaller values of |A| correspond to thfe 

•""^f latter" curves (Figure ;L3, (a) and (b)). ' - 





(b) 



Figure- 13 



^ Curves of the type we have shown are examples of a type of curve known 'as 



a parabola. ' • * w . 

We must now consider the influence of the const a term C on the graph 

Of the parabola whose equatfbn is y Ax^ + C . NdtTce that for C = 0 the 

>. »> 

"curve will pass through the origin. Figure Ik- shows the graphs of five quad-- 

• 2 ^ 

ratic relations of t^e form* y = Ax + C . The value of A is one ,for each • 

relation but the C has been allowed to vary. ' » 
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The graphs shown in Figure 1^ are 

'^only sketches, of the relations. If you 

Wake tables of ordered^, pairs for each of 

them and plot them "carefully on a sheet 

of coordinate paper you can probably 

see that all of the curves are the same * 

size and the same shape Take a sheet 

of onion-skin paper and place it on the 

coordinate paper* ^ Copy thV graph of 

y = X. directly oft the onion-skin paper 

and then^mDve this curve until it coin-* 

cidesVith each of the other curves. 

This method will show you that the graph 
2 

,of y = X +2 ia^^xactly like that of 
2 * 

y* = X except for its placement on the 
coordinate plane- 

' Tfefe graphs of, y = 

are shown in Figure 15 J 




2 

-X + 0 



where A 



Figure 1^. 
-1 and C ta^es o'n various values 
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\}hen we set A = 1, all of the parabolas opened upward- and each parabola 
had a "lowest" point which we will call tfe'^ mlnimum point . ' When A had the 
value of -1, the parabolas were inverted so that they opened downward. Each 
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1* 

'Of these jparabolas had a "highest" point or maximum poipt. We have already 
concluded that t"he |a| tells us about the "flatness" of " the parabola.' Now 
we K3onclude that if A >, 0 'the parabola oJ)ens upward and'^h^s, a minimum point, , 

Jand if 'A < 0 ^ the parabola opens downward and has a maximum point. For all 
parabolas which ajre graphed from quadratic eqiiBtions of the form y = Ax^ + ,C 
this maximum or minimum point is called the vertex of the parabola . i 

Now let us look back at out graphs and see what we can 'conclude about the 

effect -of the constant tearm C upon the graph of the parabola. The C, in 

y Ax + C does not have any* effect 'on the. shape of the curve, but does teLL 

where the vertex of th^ graph will lie. For example, in the grapij^^ the 

equation y = x +2 the minimum point of the pBraboias^was at -thp point where 

the graph intersected the y-axis and the coordinates of the vertex were (p,2). 

2 

The graph of the equation y = -x - 1 iiad a maxiraam point where the parabola 
intersecte,d the ^-axis and the/ coordinates of this .vertex were (0,-1). 

-* . ' • 

You might ask if the vertex must always lie on the y-axis. .The answer 

to this question is "no". However, ^11 of the parabolas we will ptudy in 
this chapter will have their verfex on either the y-axis or the x-axis. 



1. 



2. 



"Exercise 3 

The three .curves shown at the rights' 
are s'^tches of the graphs of: 



y = 2^ 




equation 



2 ^ . '2 

iPescribe how the graph of y = Ax diff^iafi from the graph of y = x 



in each^of the following cases. * 

(?) A =0 . ' , (c) A > 1 

(b) D'< A < 1 ^ \^ ^ ^ ' W .'Af -1 



ERLC 



103 



1 



10 



5« Make a table of at l^ast seven* ordered pairs for each of the following 
equations. Use both positive 'and negative values of X. Draw all of 1:h6 
*'graph0 on the same sheet of coordinate paper and label each. 

(a) y = 2x^ (c) y = -3x^ 

(b) y = - X . ^ (d) y = - j;^ X 



\ 



Plot the ordered pairs given" below and draw a smooth. curve through the 
points. V 



X 


9 


^ k 


1 


0 


1 


k 


9 


y 


•3 ^ 


-2 


-1 


0 


1 


2 


3 



Is this relation a functicJn? Is the converse of this relation a functio'n? 
Can you think of an equation to descri"be the relation? ^ , 

Forr^ach of the follo'wICiig pairs of equations below, plot the graphs using 
a single set of coordinate axes, f o:r each pair. " / ^ 



(a> 


y 


2 

= 2x + 3 


' .' (d) 


y* 


= -x^ . 1 




y 






y 


=-v' - 1 




y 




- (e) 


y 


= .2.^.-1 




y 






.y 


2 " 

= -ax - - 1 


(c) 


y 




(f) 


'y 


= -3x'^ + 1 




.y 


= -^^ - -3 , • 




.y 


2 

= 3x + 1 



Which of the relations in Problem^5 have a minimum value and which -have 
a maximum value? What are these values 

The following eqitations describe curves whic]a are not parabolas. What 

• ^ * s, ' V 

ordered paftrs would 'you^.form in e^ch case to show a para'Bolic. rela^tion? 



(a) y = 2x + 3 ■ 



. (b) 



y = X 



..7 T^e Osoillating Spring 

' — ^ * 

This e:Ci)eriment will extend our knowledge of quadratic relations. In 
■xamining the behavior of the Horizontal* Metronome we found tTiat the length of* 
he blade and the period of oscillation were _cQnGected by a quadratic relation' 
f the type t = md^ + b . This .particular form of the quadratic relation was 
ict^ated by our experimental "apparatus a^d its design. , Th^e domain of the rela- 
iijg^was the set of d. values and the range of the relation the set of t values. 
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In many cases^.the r$lation\generated by the experiment is not a quadratic. 
Hovever* the converse of tlje relation m^j he a quadratic*. In this -situation^ 
^he method^.^ obtaining the mathematical model from the data must he altered. 
The ^:^sent ' experiment ^will illustrate .thife. We will investigate the role 
played hy the converse of the relation which aisises from an analysis of the 
experimental data. 

Springs are simple mechanical devices found most, everywhere. Those de- 
signed to be squeezed togethjer are called>.compression springs. ^ Those meant 
to be stretched are called tension springs. A tension spring may be made to 
gerform in an anUsual way as follows. Suspend the spring ift.a vertical posi- * 
tiorv and hang a mass^€iVthe lower end. After* pulling the mass downward and 
releasing it*, the 'mass 'and spring will oscillate up and down oyex andT over 

• ^ 

agfiiin^^for a time of several minutes. The general arrangement is shown in 
Figure 16. 



• Figure l6 , ' " ' 

One important -^^riabfe ^in this situation suggests itself immediately.' It 
is the period of ^the oscillation. Y|^will recall that if ' the, motion repeats 
itself in equal time intervals, this time interval between anj/ event knd the . 
moment ^that same event occurs again is* called the period. For the. oscillating 
'spring the period can be determined by reco2;ding the time between successive 
trips^ of ^ the mas s^ to .its lowest point. ^ , * ' ' "^'^"'^ 

As always, all the possible variables which could conceivably influence 
the period must be 'listed and examined. Some of the possible influences upon. 



4. ' 
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the period are: the size and type of^ spring ^sed; the mass of the object 
suspended from the spring; the total distance through which the mass swings^ 
from^ one extreme to the other; the temperature*^of the spring. One, -and only 
one, of these influences must *t)e alloved to change during ttie experiment* 
' The other variables mnst be kept coja^tant so that whatever their influence 
upon the period may be, it will not be changed during t^e courfie of the e;c- ^ 
periment* ^Hfierefoye the peViod will depend on the physic^al quantity "we let 
vary.. . » ' . , 

* Only a little experimentation is required before discovering that a'chang 
in the mass suspended from the spring ha? a decided influeijce upon the^peridd 
of oscills^/on of the fep^ing? This^does *not mean- that tite other variables 
which ai*e held constant do- not influence the period,- t)ut only that these will 
have, ttje same influence upon. the period during the e:{$)ef iment . 

> ' ' * » 

When a variety '^f masses are usefl on the spring tker'e cprresponds a def- 
inite value of the period _to each mass. Two columns of dataware needed, one, 
, f or the mass ^nd ihe otBer for the .period.' It will be^ convenient to use 100, 
200^ 300, .'..,,1000 gram masses, thus providing, ten load "v'a lues *( /,J» oj" the 
domain. If standard masses are not used, the masses of the objects that are 
used should be measured in advance. A single period is not easy to measure. 
Fifty consecutive periods, however, are easily timecj with^a stop watch. When 
this time interval is divided by 5O, the time of a single period is obtaine'd. 

The appropriate columns of* data are as follows: The first column ^f or 
the. mass in grams ), the second column for the number of osoillaxions, 
\he third column will show the total time in seconds, and the fourth will 
'list^the |)eriod (t). Each column should^ have its appropi^iate heading. Pat- 
tern your table after ^Kb table illustrated in Figure 8. 

* The collection of mass-period p^irs (/^t) shown in the table is a rela- 
tion. ,*As with linear relations, much may.be learned by graphing the relation 
on coordinate paper. Since it has been decided in this experimeyft to let the 
set of masses b;s the domain ofHhe relation, mass values ( ^ ) should be 
plotted alqng thfe horizontal axis. The range- of the relation, the period 
(t), should be plotted along the vertical axis. 



'The Physical Model 

Once the data pairs are plotted on coordinate paper, let. us seek the sim- 
plest possible model that will describe the behavior of the oscillating spring. 

before, we are*- -inclined to connect the points in some fashiqn. Irf straight 
line segments are drawn from point to point, we are assuming something about 
the behavior o-f the ^spring for masses intermediate to the values actually em- 
ployed in the experiment. That is, ve are assuming the relation is linear 
between points. If^ on the other hand, a smoothly changing curve is drawn 
through or near the points, we are asserting a different behavior for the 
spi;ing for intermediate mass values. Our physical intuition may tell us that 
in all probability the smoothly changing curve is the ^best model. » Whether this 
leads to a simple mathematical model or not remains to be seen'. 

, As bef03;^ej^^the^ drawing of a single curve through or near the points takes 
account of certain eficperimental inaccuracies in the data. Experimental inac- 
curacies may cause a slight displacement of^point one way or another ^ The • 
desired* curve should go through or near tJie p/ints as smoothly as possible**^ 
The smoothness requirement arises opiy from dur feelings about -the physical " 
situation. Your graph of 'tite*-5eri9d plqttea against load -should look similar 
to'^FigUTie 17.' ' ' ^ 



J. 



3-- 



o 

•H 

ft 2- 




12 3 h ^ ^ 6 7 Q\ 




load \£) 



Figure 17 
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At this .point as in the Hori^ntal Metronome we will etterapt to develop 
mathenvatical ncdel (equation) which represents the physical case .arc curately. 
' Our^ results clearly indicate that the period (t) is not a linear function of 
'the. load ( ^ ). Can we find a new variable related only to the load ( / ) 
which is a linear function of the period (t) ? Since we are looking for a 
siniple .coi&ination of ^ »s which when plotted against the period will give a 
straight line, let us try' the solution which was successful i-n the metronome 
case', ^ence we ;0:lir"try a plot' of the ordered pairs consisting of the load 
squared and tlie period j (/^/t). The collection of values of i ^ is^.the domain 
'and is plotted along the horizontal axis. The period is plotted along the ver- 
tical axis. If a line can be found to represent this new graph in a reasonable 
way, we can state with assurance that t will be linearliij^related to t • Your 
plot should look similar to the one in Figure l8. 
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Figure l8 

* It is immediately evident from our graph thti>|^the load/ squared is 
linearly related to the period. That is, t / m i . Our first guess 
us down a blind alley. The situation is more complex than we at first 
pected. f * ; ' " ^ i 



not 
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< * Qaci^^Q^iftg Spring Converse Relation • . . 

pro1?lem now is hoM do ve* proceed from here. It is obvious that using 
- higl^et: j?e>ver.s^ n' of jt will only give us a. greater bending when we plot 

{ 6T,&&red pairs. 'Let us see if we have missed something by lookihg at .f 

^ our graphs (d^t) and ( / ,t) 'from the two expe-riments. Similar graphs are 
plotted side by side in Figure I9. • - * . . v ' 



'9^ 
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length (d) 
Horizontal Metronome 




I load (i) 
Oscillajcins Spring 



figure 19 



The immediate difference is tljat the Horizontal Metronome graph (Figure 19a) 
is bent so that it^ opens upward. In ouiv present e^cperiment the curve ^nds so 
that it opens down. In other words/ thri^.wo graphs are of the same approximate 
shape but they aire oriented differently with respect to the coordinate axes. 
Is it possible, that this different orientation coulcf^be the factor we have 
overlooked? ' • ' ' • 

The only experience we have had with re -orienting curves was in the chap- 
ter on Falling Spheres when we discussed relations and their' converses . There 
our relation was a straight line and "its "converse was alsd a straight line 
oriented differently towards the horteontal and vezstical axes. A graph of a 
straight' line and its converse are illustrated in Figure ^ 20. 
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Figure 20 

If we construct the converse 'of our ( i ,t) graph it is possible that the new 
orientation will be similar to the graph found for describing th6 l^orizontal 
'•Metronome, We know that in the case of the Horizontal JMetron6pie a linear rela- 
tj.on wa% found between the s.qu€a*e of . domain elements and the corresponding % 
elements of the rang^. Hence, we jnay be at^le to find a simple relation which ' 
will describe the converse in the present experiment. There is, of course, 
no guarantee this^ will work, 'but it is worth a tr^ 

A simple and direct method, for finding the converse relation is to ex- 
change the elements of the domain for the elements of the range. To generate, 
the converse in the present experiment plot the period (t) data along the 
horizontal axis and the load ( ) data along the vertical axis. <The new 
graph will consist qf period-load pairs (t, ^ )• A plot of this new' relation 
' is illustrated in Figure 21, It is the graph of the converse of^the original 
relation. You will note that interchanging the order of the data pairs inter- 
changes the axis labels also, since they 'refer to the physical sit.uati^n. 
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Figure 21 

We immediately recognize that this graph has an orientation very close to the 

graph of Figure 19a which opens in an upward direction. Ve now prodeed in. bur 

analysis ty* plotting a third relation composed of (t^, pairs . A new column 

2 

of your data sheet should be headed "period squared" or t , and the appropriate 
values calculated for each of the original values of t. Now plot the new 
(t jl ) points on a fresh sheet of coordinate paper. 

If a line can be found to represent this^new graph in a reasonable way^we 
can state with assurance that will' then be ^a linear function of i . . litil-, 
izing the slope- intercept expiression for a line we may then write in general 
terms that 1 = rat. + b . Here as»befoi:e, m is the slope of the line and b 
is the intercept with the vertical axis. If S^ou are satisfied that the plotted 
points can be represented by a line, the expression / = rat +^iuis^the equa- 
tion of the line. ♦ 

We n(;>w have to determine if the equation of the line can also be used' to 
represent the (t, I) graph of our original data. Make a new column on your 
datS sheet, "load ( ) in grams calculated". . Use values for the period^ , 
actually, obtafhed iti the experiment and insert in the formula 

/ = m . t^ + b 

i 

add compete the/associat^d values of / . Your values of m and b should be 



111 ^ ' 

\V6 



used in the 'equation. * ^ 

' Graph the ordered pairs formed^by the (period, calculated load) relation 
on the same sheet of coordinate paper as your (t, i ) graph. Use solid circles 
to mark. these calculated pbints. Connect the calculated points with a "dashed*. 
curve'. If the mathematical model is a good one this new curve should have a 
close resemblance to the experimental curve. We still have to consider any ♦ 
.restrictions on the domain. The mathematical model will give us the load nec- 
essary for anV period we desire, however the spring may not be capable of 
supp03:ting such a load. Once we enter >the world. of generalizations we can 
extend the domain to include all real numbers, but as long as we remain in an 
experimental setting, our domain is definitely limited by the equipment being 
used . 



Exercise k 



Ihe table at the right shows the 
experimental data for a new bsci3/* 
latiiig jspring. The load ( j^^in v 
grams was fixed, and then the 
corresponding periods (t) in sec- 
onds were measured. 



■ i 

(grams ) 


t 

(sec) 


' 2.5 


1 


, k.O 




-''6.5 


3- 


> 




^ 10.0 


h 


' 14.5 


5 ■ 


' 20.0 


6 


26.5 




3^.0 


8 



1., Graph the relation and its converse on separate sheets of coordinate 

paper. ^ ^ ^ * ' * v 

2. Graph the* (t , / ) relation. Draw th^"best" straight line and obtain 

• * the eqtk«tion for i . • * s 

3. Use yqur equation obtained above "^calculate values of the load in grams 
for each value of the ^period in the range the experimental relation. ' 
Compare the calculated and experj^mental values of the load. 

* ^ , ■ ^. : ■ 

4.10 Relations and Conversies 

It was shown that our choice of order for t *and i had yielded the con- 
verse of the parabola. It i^very rarely apparent. at the bfegini^iing of 
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experiment which order will yield the most direct path to the mathematical 
model. The order makes no difference in the linear case, but it often com- 
plicates our efforts to find expressions for nonlinear relations. The. con- 
verse can in many cases simplify our search for a mathematical model. 

A graphical representation is probably the most helpful means of recog- / 
nizing relations and their converses. The con5)lete parabola and its converse 
are pi^pjbured in Figure 22. ^ 



parabola ^ ^ 



converse 



Figure 22- 

The converse. is o)Dtained by interchanging the domain and range ^of the relation, 
nie new domain is still plotted along the horizontal axis and the new range 
along the vertical axis. 

i 

* There is one^other important point to be made. The mathematical models 
we have de"\^eloped in the last two sections are more than relations connecting 
two variables. In every case each' element of the domain has associated with 
it exactly one e^lement in the range. Each length of the metrofiome blade and 
each mass on the spring yielded only one period and each distance. on the wick 
had only one time interval. The single -valued nature of these mathematical 
models^uts them in the class of relatio^ calle^ fiinctions. The full para- 
bola, on tL left side of Figure 22 is 'an example of a function. Each value 
of X fias associated with in only one value of y. . The cotiverse relation of ^ 
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Fijgure 22, however, is not a function. Each value of x ,has two values of "y 
associated with it. ' V- - 

^ Exercise 2 • ' 

Ir ^ In the. series qf graphs shown in the .figure otl' the following page, pair 
. each graph with another so that in each case you have a relation and its . 
eonVerae. ! ' ^ . . >, . . 

•2# ' -Which of the graphs in th^ figure represent functions? 

3. Which pairs of graphs obtained in Problem 1 repr/ssent one-to-one functions? 
. iNote.; If both a relation and its converse ar^ functions, then these two 
relation^ are called one-to-one functions.) 



/ 

/ 
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^,11 ^Translation of the Parabola , ' ' 

- , » - ' P 

We have already discussed equations of the form = Ax + C ard have 
Si^^n how the coefficient of the x term determines the shape of the 
snd the C term translates the curve up or down. ^ In this section we vill study 
rglatlo.tis defined by equations of the form 



y = A(x - k)' 



where A and k are nonzero constants. As an. example, let us draw the graph of 



' ■'.,•>. \ . y''= 2(x - 3) . 

Let the domain be the set of all real numbers . A table of valuep and 
of the graph are sliovn below (FlBUre 23 ) . 



X 




1 


2 


3 


■ h 


5' 


y = 2(x- 3)^- 






2 


0 


2 


8 



(5i8) 




a sketch 



^ Filgure 23 

Ihis graph is shaped like the parabolic relation We Jiave been studying, 

except that th^ vertex is not on the y-axis. In Figure 24 'the graph of 

2 — — 1 
y = 2(x - 3) is compared with, that of y = 2x . 



(?i8) 




Figure 2k 



\ 
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Me€ a sheet of onion-skin paper and copy the graph of y = 2x . Shift this 
paper so that the graph of y 2x is over the graph of y" - 2(x - 3) • Hie 
tvo' graphs vill "be congruent. That is, ,the graph of y = 2(x - *3) is the 



same as the graph of y = 2x "but is 3 units, to the r*ght. In the same 

• 12 
vay we could verify that th^ graph of y = ^(x + 2) is 2- units to the left 

'12 2 
of the graph of y = ^ "^^e saxoe, shape as y 2x, 

If we draw the graph of the equation of y = 2(x - 3}*^ + 2 and con?)are 

2 

it with the graph of y = 2(x - 3) , we see that the shape of the graph has^ 
not changed (Figure 25), 



= 2(x 3) + 2 



y =2(x-3)' 



Ttie graph of y ♦= '2(x - 3) + '2 

is obtained "by moving the graph of 

^ 2 ' 

y = 2(x - 3) upward 2 units. Simi- 
larly, we can show that the gr^ph of 

2 ^ 
y = 2(x + 2) - 3 can "be o"btained 

/ \2 

"by-DioYing the graph of y = 2(x + 2) 
downward 3 units. " , 

Finally we recall that the graph 

of y = 2(x - 3) is the same as the 
2 

graph of y = ,2x shifted to the 

right 3 units. From this we can" see 

o 

that the graph of y = 2(x - 3) +2 

2 

is the s^me as the graph of y = 2x 
"by "mbving the graph" to the right 
3 units and upward 2 units. ^ 

' In later ^courses you will learn that it always possi"ble to obt'ain the 
graph of ^ ' ! 

y = A(x.- hr + 




Figure 25 



from the graph of 



y =i Ax 



"by moving the graph of y = Ax horizontally h units and vertically k units. 

' , Exercise 6 

1. For each of the following, describe hov you can obtain the graph .of the 
first /from the , graph of the second equation. 



(a) y = 3(x + i^f; y = IX 

(b) - y = "-2(x - 3)^; y = -2x^ 



(c) y =*- i(x +1)S y = - 

(a) y=^(x+i)^; y = 
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Set up U table of at' least seven lorderSd pairs of the relation "below, 
andjkhen draw its graph., * - -««f» 

. ^ r , ^ y = 2(x + 2)^ 



Con^lete the following table of ordered pairs 'for the equation » 
, *^ " y = 2x^ + 8x + 8. 



X 


^ -5 




-3 


-2 


-1 


1 
2 


0 


, 1 
2 


y 


18 










^^5- - 







Draw the graph of the equatioh in Problem 3 and compare with thfe gyaph 
drawn in* Problem 2. > f ' ' ^ ^ - - - , ^^.^ ^ 

Compare the location of each of the'following graphs (withqu^t drawing^ 
the graph) with the location it would have if it were in the form y = 



(a) y = 3(x - 2)^.- k 

(b) y = -(x -f 3)^ + 1 



- |(x - 2)2 i-2 
(d) y.:i -2(x +1)2+2 



Find equations for the following parabolas. 

2 

(a) Th.6 graph of y = x 

(i) mc^ved 5 units to the left; 

(ii) moved 2 units dow4ncward; 

(lii) moved 5 units to the left and' 2 units downward. 

— ' 2 ' ' ''^ . * 

(b) Th.e graph of y.= -x ' ^ 

(i) moved 2 units to the left; 
^ (ii) moved 3 units upward; 
(i±V) moved '2 units to the left and 3 units upward. 
1 2 > 1 

(c) The gjraph of y = ^x moved ^ unit to the right and 1 u^it 
downward. ^ - . ,^ 

1 2 ► 

(d) The graph of y = ^(x + 7) - • moved 7 units to the right arift 
\ units upward. 



Set up a table of at least 7 ordered pairs for .the relation beloy, 
and then dra>f^ its graph. 

r= (x - 1)2 - 4 • . • 

Set up a table of at least 7 ord'ejred pairs for the following relation, 
an^ draw its graph'. 

, ^ y, = x^ - 2x - 3 , 
Compare this graph with tfislt^djrawn fdr Problem 7. 
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In this chapter, we considered a niinBer of ^experimental relations. In 
jjach experiment we considered possihle varfahles which oould ^rect^^mi^^oUt"- ^ 
comely and arranged things to hold all hut o ne oT 'tTBese iixed durfng the coi^se 
of the.experirient. From the data > jwej )htained h graphical (physical) model 
f..of ;the gelation hy drawing a smooth curve which seemed to give a "best fit 
to :bhe data points. We then considered various new relations "between a 
flfe^hematical model of- the relation* *: 



: — 7 -^JSti^ -experiments in this section gave rise to pajraholic relations and 
Igd td^^some discussion of quadratic equations* 



f 
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Chapter '5 - ,v>^ 

ANALYSIS OF NONLIlJEAR FUNCTIONS ^ 

1 ' ■ ' 

^5.1 Introd\lctl^ > 

Nonlinear functions and their graphs open a door to many exciting 
*^ mathematical^ ideas In'tlxis chapter you will investigate a few pf these ^ 
ideas through experiments. ^ • • - ^ 

^ - The slope or a line is familiar to everyone. But' what do we mean hy 

the slope of a ciirve? Can such a slope he defined without co'Sfusion, and 
is it important? You can prohahly guess that' the answers to these .questions 
'are going to he "yes". The concept o? the slope of a 'Curve is an ejctremely 
important one, and will he developed in this chapter. We will do this hy ' , 
, making an analysis of a hall rolling down an inclined plane. 

The continuing iise of quadratic graphs may have left an impression 
that there are no other nonlinear curves. The simple lens, hdwever, intro- 
duces the hypferhola — a different curve with interesting new properties. 
Finally, the floatfng magnet will introduce a curve yhich defies simple 
^ analysis. 



1 

5.2 The Inclined Plane < 

In this «q)eriJBient the motion of 'a hall down an inclined plane is to 
he studied. A hall rolling down a plane will move from side to side^ as 
well as down the incline. Since the distance the hall rolls 4s a necessary 
measwonent, side motioi would complicate the data. To prevent this lateral 
motion, we, will use a V-shaped piece ot Aluminum as the "plane"'. This plane 
iff inclined, to the horizontal hy a OTiall angle and a hilliard "^all is used^ ' 
as the rolling body. ©I'e general arrangement of equipnent is shown in 
Figure 1. " „ * 
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Figure 1 

In the Falling Sphere Experiment, thes^phere quickly reached a Vtemifel 
Velocity" ar^d f rom^ that point it fell with a constant speed. As the ball 
rolls down the plkne, its speefl will be co^istantly increasing. «The speed d^^v^ 
the ball at the end of a three-foot roll will be greater than its speed at the 
end of a roll of, two' feet. In this experiment we are going to measure the 
'time it takes for the ball tp travel different distances. We will use only 
one ball throughout the experiment, so any possible differences causM by 
balls of different sizes or weights will not concern us. The angle^of in- 
clination of the .plane is one part of the experimental arrangement which has 
a great influence on the time taken for the ball to roll a given ^^tance. 

A ball rolling down a s'teep incline will cover a fixed distance in 
less time than a ball rolling down a slight ^ncliQe. Set tWe plane at a 
small angle to the horizontal and keep it at this angle -piroughout the ex- 
periment.* A'sraall angle will "slow" the ball enough to ip^e time measurements ' 
relal^ively easy. 

In this experiment we are going 'to allow the ball, to rbll certain fixed 
distances ahd; ^usiti^a stop watch, determine the time that it takes to roll 
these distances. We could' release the ball from the top^ o£ *the plane and de- 
termirie how long it takes for the ball to reach a certain mark on the plane. 
A second method would be to release .the ball at certain distances from the 
bottom of the incline and determine the time for the ball to reach the bottom 
of the pla^^ This second method has certain advanj,ages. You will always know 
exactly where the distance interval ends. 

The V-shaped piece of aluminum should be about 2.5 meters long. 
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Measiiring from the bottom of the inclined portion of the plane', make marks , 
on the plane corresponding to 15, 30, 50,' 100, 150, 300 and 2^0 centimeters. 
Set the "ball'on the 15 centimeter ^mark and use the stop watch to determine 
the time taken for the ball to roll to the end of the incline . It is impor- 
tant to release the ball and start the watch at the same time. A convenient 
method is to place a .finger on the top of the ball and hold the stop watch 
in your o^her hand. A few trials will enable J^u to release the ball at the 
same time|-as the stop watch is started. 

The' time taken for the ball to travel to the bottom of the plane will 
depend or' the distance from the bottom of the plane. The distance measure- 
ments, therefore, fom our domain ^ and the associated time intervals will be 
the range. Notice that this experimental ^procedure is the converse of that 
used in i^he Falling Sphere Kxperl^nt. thp Falling Sphere Experiment we 
picked certain time intervals (domain) and determined the distaniie traveled 
in that time (range). Repeat the procedure for each distance, and record 
in^ tabular form. See Table 1. Make thfee trials for each distance. Calcu- • 
l^te and jrecord the average time taKen for each distance. To do this it is 
necessary! to add the times of the three tria^ls and then divide by three (the ^ 
number of^ trials) . * ^ 



Distance 
(cm), 



Trial 1 
^■T?ime 
(sec) 



Trial 2 
Time 
(sec) 



Trial 3 
Time 
(sec) 



Average* 
Time 
(sec) 



Arbitrary 
Time 
(sec) 



Calculated 
Distance ■ 
(cm) 



Table 1 ^ * ' ' 

From this data form ordered pairs^of the form (distance, average time). 
Now select suitable scales for distance and time^ and plot the ordered pairs, 
kee Figure 2. Again, a physical ar^ju- 
lentr-atlowB'us- to- construct the physical 
model )5y Joining the plotted points in 
some manner. Every dlstarit:e along the 
incline plane will have a time value 
associated with it. A smooth curve 
through or near the experimental 
points is a realistic physical model 
of the data. - 
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Figure 2 




5«3 Analysis of the Bcperlment* ' 

In making an analysis of an experiment we attonpt to relate the infom- 
atioti to scmething from our past experience^T I| the Wick and Horizontal 
Metronome Ejq)eriments we met parabolic relations for the. first time; we 
found a way to obtain a linear relation and then used our knowledge bf linear 
relations to obtain an equation. In the Oscillating Spring Experiment, our , 
tlret atteapts at finding a linear relation met with failure. We then dis- 
covered that the converse of the relation had the same orientation as the 
curve found in the Horizontal Metronome Experiment. Once we relized this 
fact, we were able to relate the graph to scmething familiar 'and obtain & 
mathematical model jof the, experiment. '5he physical model of our present 
experiment, as shown in Figure 2, ^ooks similar to the one- found in the 
Oscillating Spring Experiment. Let us try to repeat the successful procedure 
used in the Oscillating Spring Experiment. '* 

Fom the converse of the distance-time relation. Interchange the domain 
and range such that the domain is now the set of time values, and- the range the 
set of distances. Use the»e ordered pairs to plot a new graph. ^ When graphed, 
the new figure will be similar to the curve of the Wick Experiment. We pre- 
viously found that it was convenient to look for a linear^elation between 
seme power of the time (t) aSR tWe^distance (d). When found, this gives ujs 
enough infoi^ation in the proper fom to directly write down a likely .time- 
distance relation. , 

^ y " • 

Square each of the time values and construct ordered pairs of the fbm 

(t ,d). Use the hori zontal a^is as the t^ axis, and the vertical axis as 

the: d axis. A line drawn/through these points and extended will come very 

near the origin. OSiis^ould be obvious since at zero time the ball will 

not have moved. Usiig the point (0,0) as the fixed point, draw the '^best 

straight line" through or near the other points, as in Figure 3. 
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Figure 3 
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Compute the slope, m, of the line. We know that all lines viiich pass throtigh^ 
•the origin have an equation of the form y = mx/ That Is, the' value oT the^ 
rang? is equal to the slope times the corresponding value of the domain* 
Sinilarly, from Figure 3 the distance (range) is equal to the slope times ^ 
the time 'squared (dcxnain). This gives the equation 



d = mt^ 



We now must check this equation to see if . it can he used as a math^ia- 
tical model for the graph of the (t,d) relation. We can insert values of t , 
in the formula d = m' • t^ and calculate ;a Lvalue of d for. each value 'of_t-___ 
For ease in canputation, select .values of t vhich are integers. For example. 
if' the time taken for the longest distance was 7 seconds you should cal- 
'culate a value of d for every second from 1 through 7 seconds. Record these 
values in the next two columns of your prepared data sheet. Label the 
columns "arbitr^y time (t) in seconds" and "calculated distance (d) in centi- 
meters". Plot the (^exed pairs ^formed by these Iwo colu^ins on the same sheet 
of coordinate paper ^^our original (t,d) curve., Connect the calculated 
points with a dashed lin^. The two curves should compare favor8fbiyf> ^ 
Our equation ca/be used as a' mathenatical model to describe the be- 
•havior 9f a ball rolling down an inclined plane. Ihere is one modification 
* vhich should' be made. before, our equation^was derived by use of a linear 
relation where the letter n> has a special meaning. In our previous ^se of 
it has denoted the slope of a line. Noi|.*our equation is not a line, and 
therefore m ^s the slope of a line- wouiaf have no meaning. 
^ ' Let' us changfe the notation of our equation so the letter m does »pt 
occur. If we replace m with the letter A, we will not thin^ of this a^ repre- 
senting'^ "slope of the'curve^. Our final mathematical model is 

2 " ' 

-~ d =At . . ^ 

Exercise 1^ ' ^ 

1. Use the equation d^ At^. l/ith your measured value 6t the coefficient 
A, calculate distance values that correspond to times of: 0, 1, 2, 3, 
^> 5; 6, 7 seconds. 

. 2.' Drayy a vertical line on a piece of graph paper to represent the inclined 
plane. > Starting at the top/ mark to scale the calculated i>ositions of . 
the ball along the inclined plane'l Label these positions with the 
corresponding times. • 
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3« On, the drawing of the inclined plane in the exercise above,^ery care- 
fully mark the position you tljink^he ball will occupy 6t a time of 
2*5 seconds • Using the equation, now calculate the position of the 
ball for this time. 'Compare this point with your estimated .position.^ 

Multiplying your value of "A" by four will f(2rAn a new equation. With * 
this equation calculate distance values for times of 0, 1^ 2, 3 seconds • 

Slope of a Curve at a Point ^ 

At this point we have a graph of our data and a physibal^and mathema- 
,tical model which are abstractions of this data* The^re are many more aspects 
of the curve ;^ich are of interest to us. MathanaticsJ as the physical 
sciences do, sets up methods by which one curve or physical system can be 
ctopared" with another. 

Take a look at the graph of the palrabola in Tigure k. the regioh 
of the origin the curve is qiiite^flat. That is, it is npt rising very rapidly. 
Small time intervals along the iiorizonfcl axis correspond to very small 
changes in distance pn the vertical axis. In th^s region* :i.t behaves similarly 
,to the bottom of a/mixing bowl. As you mov^rout from the origin, the graph 
steepens and rises more rapidly for equal intervals along the horizontal 

The same thing happens as you consider points farther out from the 
bottOTs^ our mixing bowl'. The problem before us is how to describe this 
behavior p^cisely. . ^ • 

Place yovtr ruler to the right of the ca^^f^ on your graph and select a' 
shallow or small^lope. Move your ruler parallel to itself until it Just 
kisses the curve. \ See Figure k. The ruler should Just touch the curve and 
not cross it. TheVpoint of contact should be very close to a point. With ij 
the ruler in this pbsition, draw a straight line and mark the point where 
it .touches the curv/fi. Now you have constructed a line, \wlth a partic- 
ular slope, and it/ touches the curv^ at only, one point. 

Construct a second line, £ ^, with a much steeper slope. Use the same 
method as described above. Figure k{c) is an illustration of the relative 
positiop of two possible lin'es* 
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^ It is eH-dent^that when the steepness of the kissing line is. small, 

. the ctarve is very flat and rfses slowly for intervals along the horizontcJL 
" axis. When the curve is rapidly rising, the' steepness of this line is large* 
We how have a quantitative way of describing the steepness of a curve. "Hie 
steepne£& of ^ny cuijve at a point can he given a number. Let us define the 
slope of a curve at a point as the slope of the straight line which Just 
touches the curve at that point. A* curve l,s twice as steep at one point as 
it is "at another if th^ slope .of the kissing line fat the first point has 
' twice the s^lope of the kissing line at the se^cpnd point. , ^ ^• 

^Do flimly fix these ideas', take a point approximately the 100 cm 
marJN^n the distance axis and locate the corresponding point ^on the curve, 
t Measure the slope by drawing a line Jjist kissing the curve at this point. 



l-^ake a few trials ^"by angling your ruler "before a9,tually drawing^ the line. 
Compute the" slope" of the line. As stated ahove, this is the slope of the 
curve at the point vhere the line touches- tlje curve. The «iope of this 
curve has a particular physical significance. In this caseJthe slope is 
a distance (d) divided "by a time (t). Another interpret aj^sran of distance/ 
.time is velocity. The question naturally arises as to what velocity does . 
this slope measure. Consider the portion of the curve n6ar thie origin vher^ 
the hall has covered a short distai^ce aiyi note the slope is small. Aso, 
recall that near the origin the "ball has a very lav velocity. As you move 
out from the origin along the distance axis, the slope increases , that is, ^. 
the velocity increases. ^Ony ohseryations, have verified this. The greater 
the distance the "ball t"i*^ls, the greater t^e velocity. It is logical and 
also coj^rect to interpret the slope at a point as proportional to the velocity 
the "ball will have after traveling the distance d. In general, t*he 'slope of 
a distance-time graph at the point (d,t) is the velocity the o'bject will 
hav^e after traveling the distance d. 



ercise 2 

1. Carefully draw a graph jof the para"bola y = using integrally 
spaced values of x from -6 to +6 inclusive. Graphically find the 
slope , of the para"bola at^t*he points for which x equals 6/h/2, 0, 

• -2, -\, -6. ^ ^ 

2. The straight line is characterized "by a constant slope whereas th,e 
(quadratic has a continuously changing ^ slope. ^ It is possi"ble to find 
the slope for many p6ints on the curve, and hence, generate a new 
function which would consist of ordered pairs composted of slope and 
the elonents from the domain. 

From the slopes found in Pro"blQn 1, fom a set of ordered pairs 

(x, slope). On a sheet ^of graph paper, draw coordinate axes -and 

ft 

plot this set of ordered pairs. What conclusions can you draw 

a"bout this new function?- 
t ' 

Cdnpare the slope of the curve in Pro"blem 2 with the coefficient 
2 

of^^e-^-4n Pro"bl€m 1. 



5»5 E?cperimentai Measurement of the Slope 

^ In the previous section we have defined the slope of a curve at a point 



to be the slope of the straight line vhich Just kisses the curve at t)iat 
point. The dimensions of^this slope are the same as the dimenslrons of vel- 
ocity. However, we have not proven that^ this slope can be interpreted as 
velocity. * 

The ball has a Telocity at each and every point as it rolls dcrwn an 
inclined plane. If we could but measure this velocity by sane experimental 
means, we could compare the result with the slope measurement taken from thej 
^time-distance graph. If the two are found to be the same,' we can then se^y , 

.Vlth convictiop that the slopa.of the graph at any point is truly the velocity 
"^51bf the ball at that point, • , 



All that remains^ is to find aVay to measure the^velocity of the ball 
experimentally. For this purpose a four-foot horizontal section ot the 
aluminum angle is butted up against the end of the inclined plane,, as shown 
in Figure 2. The two grooves should mesh as smoothly as possible. "Hiis 
smaller section of aluminum angle should be carefully leveled after placing 
it on two globs of modeling clay. The leveling can be accomplished easily 
by placing- the ball ^(Sn the track and' seeing if it will roll one way or the 
bther. The horizontal section of track' provides a means for "tapping off" 
any velocity we choose. The ball rolls 'down the incline, increasing its 
velocity as it^goes. When it rolls onto the horizontal track, the velocity 
no longer increases. It remains constant. The unchanging velocity of the 
ball, while on the horizontal* section, will be exactly the same as the * 
velocity the ball had the" Inonent it left the incline*. This velocity is 
computed from the measurement of the time needed to cover a set distance on 
the horizontal traclt. The value of the velocity is given by th§ quotient of 
the distance and time (velocity = distance/ time) . ^ 



This velocity can be adjusted by starting the ball at various positions ^ 
up the incline. First, however^ let us cLommit^ourselves as^to the velocity. 
Kcpected. Go back to your graph of the time-velocity relation and find the 
point 'corresponding to a distance of 15O cm.. At this point, draw the kiss 
line. Measure the slope'of this line affl express it as a velocity ^,in centi- 
meters per second. This is the velocity the slope concept predicts for us 
after the'ball has been allowed to*roll 15O on down the incline. This is 

the' velocity we will measure experimentaj.ly. 

« ^ 

^.Mark a length of 100 cm* along the horizontal track starting from the 

end of the incline. This is the distance over which the motion of the ball 

will be timed. Releasee the ball from the 15O cm point on the incline, start. 
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the stop vatch the moment the ball enters the horizontal section of track, 
and st^ the vatch at the moment the ball passes the 100 cm raaiic. xry^this 
_a fev times before taking data. Nov make three .trials and record the 
measured time intei*l^^ls. The veit)city of ,the ball is nov determined by 
dividing the distance traveled (lOO cm) by the average of the three observed 
time intervals . Make this calculation fend then ccsnpar^ this measured velocity 
in centimeters per second with the previously measured slope of the kiss line. 
AlloVing for sane experimental error, are JbJ>ese tvo figures the same? If 
these tvo figures are the same, ve have proved our point ^ovever^^ if thesre 



two figures are not the same, yot&should check both your kiss line and your 
mdasTLired Velocity. The slope of the time-distance graph at a point i£ the 
velocity of 4he ball at that point! 

, It is worth noting that our procedure would enable us^to directly measure 
the velocity of the ball after^i^ioving any desired distance down the inclined 
* plane. This would enable us to'^compare the velocity to the slope of the line 
which^ kisses the curve at any point. ^ ' t ' 



5.6 Tlie Simple Lens ^ . ' • 

The use 0} a lens is V.ost likely not new to you. Your -science teachers 
may have used- a lens vhen you studied vision, or in explaining how a camera 
works. You know that a lens will bring the rays of the sun to a focus. 

If you mount a lens on a meter stick' wijth a little modelin'g clay and 
"aim" atv some distant object, you can find the image of this object on a 
white card on the other side of the lens. ^ The image will be upside down and 
reversed left for right, but this need not bother us. 

' *If you pojLnt the lehs at some nearby object, you will find that the - 
card^vill haVe to be moved to obtain a sharp focus. _For distant objects, 
however, the image will always be found in about the same place. 

Point ♦the ^ lens at a distant object outside of the classroom such as a 
iluilding or a tree. (Be sure the window is open.) Move the cardboard screen 
until you have a "sharp" image of this' distant object oa the card. Measure 
the distance from the center %f the lens to the screen. This distance is 
called the focal length "of the lens and the position of the card is the 
focal point . Make, three determinations of the focal length. Fincf the aver- 
age value of the three trials and use this value as the value of tiie^^ocal 
length. If you turn the lens 'around so the otl?br side faces i?he object, the 
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foc^l length will '"be the same. Thus, aliens has two focal points, one on each 
side of the lens, ^each of* ^ich is the s^e distance from the l^ns. See 
Figure 5- * ; 'v. - 

• ■ ' v. 




mage of 
distant tree 



meter sticK 



Figure 5 

\te have' seen that for distant objects the imrfge ig always formed at the 
same 'distance from the lens. For short o"bject distances, however, thj-s is not 
the ca&e. As we move objects cloger to the lens, the image "moves" away^ from 
J;l^-lens. The relation "between ^he position of 6vir otject and the correspond- 
'tfing position of the image fomed fcy the len^will "be the suhject of our inves- 
tigation. 

^ We will need a "brightly illuminated otject for the experiment. Cut a 
-small triai^le in a piece qX card"board* Insert a pin into the "base of the 
open triangle'. This pin will "be our "object"* Darken the room somewhat 
during the experiment and place a flashlight directly "behind the triangular 
hole^to provide illumination. 0"btain a piece of adding machine tape ahout 



two meters long. Fasten this tape to the floor and place the^lens at the 
center pf the tape. Try to arrange the lens so that 'i^height ,is a"bout the 
same as the height cjj the o"bject« 'The experimental setup, is shown in Figure 6* 




Figure 6 



.To^ecame familiar with the general behavior of the lens, first place 
the object so that its distance from the lens is ahout twice the focal leng^th. 
Place the flashlight directly "behind the ohject and turn off the other lights 
in the room. Move the ^'^creen until you have the image in sharp ^ocus . As 
the object is moved towards the lens, the screen can he moved hack to -find a 
new position of shalT focus. Now move the object and flashlight so that the 
distanc? of the object froa the lens is slightly less than the focal length. 
It is now impossible to obtain an image on the screen. W,e__ngy know that our 
object distances must be greater than the focal length. When we place the 
object At about two focal lengths from the lens you should firid the image psosi- 
tion also about two focal lengths from the lens. As we move the object farther 
from the lens, the image moves closer until, for very large distances, the 
image is at the focal point, Thvis, our object and image distances will always 
be greater than the focal length. Carefully measure from the lens t9 the focal 
point on each side of the Ions, and make the twq corresponding marks on*^ the 
adding machine tape, TIaese will' be our two reference, points^. 

We will measure distances ^rom the focal pofi^s and. not from the lens . 

^ On the* "object side" of the lens, use a meter stick and make a mark on 
the tape every centimeter from the focal point to the end of the tape. Repeat 
this process for the image side of the lens again starting from the focal 
point. Place the object on^the last centimeter mark. Always ronember to 
move the flashlight with the object so that you get about the same illumina- 
tion each time. -On the other side of the lens always move the screen until 
you find the ppint of "sharpest" foc\is. Make a two-column table; label the two 
columns "object distance (x)" and "image distance (l^*)"*" The symbol X is used 
instead of the letter 0 so you will not confuse this with the number zero. 
Be sure to measure the object and image distances from the focal points . 
The measurements . are to be made as shown in Figure 7« 

image distance 
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After nnding the location of the im^e when the object is at the last 
centimeter mark and recording this information in your table^ move the object 
closer ^t6 the lens* The object should be moved two centimeters at a time, 
until the image is clearly out of focus. Move the screen to bring the image 
back into focus. Measure and record the new ob^ct and image distances. As 
you move the object closer to the lens, the screen will have to be moved away 
from the lens. For each reading continue to move the object (and the flash- 
light) two centimeters at a time until the image is definitely out of focus. 
Then move the screen until the image is back in sharp focus • Repeat , this 
process for a number of trials until the screen is^o longer on'the tape^ 

Once we have collected the data, we will plot th^ object-image ordered 
pairs (X,X')> draw a physical model s and then attonpt to find a mathematical 
model to represent and explain the relation. Notice that this threefold oper- 
' ation has been our plan throughout the text. 

(a) Obtain data relation and graph. 

' (b) 'Construct physical model (best line. or curve). 

(c) Find mathenatical model. 

'Set scales on the coordinate^ paper so that the graph will ^"fill" the 
paper. The image position depends upon the object position. The set of ob- 
ject x)osi,tions is therefore^ the dcmain and is plotted along the horizontal 
axis'. The set of associated image positions foms the range and, is plotted 
along the vertical axis ♦ You probably will have a graph som.ething like, that 

shown Figure 10. Again we have 
the question of ril34ng the space 
between the points v we move closer 
to the focal ^int or the lens, 'the 
image moy ed ky yty from ^he other focal 
point. With every in"?emediate object 
distance there must be associated a 
new 'im^e distance. For object dis- 
tances about 'three focal lengths from 
the lens or more, it may appear- that 
you can move the object a few centi- 
meters and still hay,e the same image 
position. The image has,^owever, 
moved a small distance thai is often 
difficult to detect visually. The 
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procedure for d5:awlng a ""best cuive" seems fully jxistified in this case. - This 
curve is our pljysical model of the ohject-image relation. 

r • 

" Exercise ^ * c * i^' 

If In the lens experiment what is the domain anS what is the range?| 
2. Does the graph of the relation (Figure 8) represent a function? Why? 
3* Would it "be meaningful to pass a smooth cvurve through the plotted 

points? Why? - - 

k. Discuss *the possihility of extending the graph of the curve to Very 

large oii^very small object distances. 



5«7 ^le Lens Relation /. 

Ohviously, X and X* do not fom a linear relation. As you recall, we 
were ahle to j^htain an equation to represent parabolic relations "by finding 
a linear rel^ionship "betwjeen some power of a n\mi"ber in the domain and the 
corresponding numher in the range. For example, in the horizontal metronome 
relation we took ordered pedrs of the form (d,T) and from these formeS ' another 
relation witft ordered pairs of the foim (d ,T). This gave us a linear rela- 
tion from*whlch we were ahle to find an equation to represent our curve. 

i * ^ 

In this experiment the curve is not linear nor: does it resemhle the ^ 

paracolic relations. We know, however, that as X decreases, X' increa^^s; 

that is, as the ohject approaches the lens the image moves away. This ^ type . 

of "behavior rules out .foims like )\ Why? Notice, however '^at as X^ 

decreases, a quantity such as ^ increases. This means that as ^ increases, 

X'will alio increase'. Although the relation (X,X') was, not a linear relatiorf, 

perhaps. a set of ordered pairs of the foim (7,^0 will "be. Select elements 

from the domain (x), foim (7) values and then associate with these the ap- 

1 

propriate elemehts fran the rang.e (X*") . Enter the values of 17 in a new 
column on your data sheet* Use a new sheet of coordinate paper and plot 

the relation foimed "by this, new set ?of ordered pairs (^,X'*). The graph of 

* " 1 ^ - 

the^e points should appear linear. Hence, 7 and, X* do form a linear relaiion. 

• 1 
If this had not "been so we might have attempted pairs such as (-p,X'), etc. 

Your new graph jprohaViy looks like that shown in Figure^ ' , 1 

The "best straight line through these points should come very close to 
the origin. For very large values' of X, ^ can "be extremely small. For ex-, 
amplfe, we could use the sun as an o"bject« This would make X greater than 

9^- ■ . 140 . 
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cm axvi ^ practically zero. ' By qjjr definition of focal point, the image , 
of the sun vould be fornied at the focal point. Hence,, -when ^ is practically 
zero, the image distance X'vlll also be about zero. From this line of reason- 
ing we see that the line, vhen extended, , 

should pass through the origin. O 



Now, using the origin as a start- 
ing point, drav your best straight line 
thix5ugh the data points. This is our - 
• physical model of the experiment. Cal- 
cu]^ate the s3.ope m of this line.? 

We know from our work with linear 
functions that all lines passing through 
Su^the origin are of the £om y = mx. 
Therefore, the equation of our line is 



O 



0 



0 



0 



0 



(0,0) 



/1\ m 



1 
X 



x-* 



Figure 9 



' We still must determine if this equation can be used as a mathematical 

model of our original curve. Using your experimental values of X, and the 
equation X*^^= ^, compute: corresponding values fo^X'. The calculated value 
for m should be used in the equation. Enter the calculated values of in 
a new colupi of your data table. Plot the new ordered pairs (X,X*' calc.) on 
the aiame sheet of coordinate paper as, your experimental points* Use small 
solid circle for the 'points and connect "them with a "dashed" curve. Compare 
the calculated and experimental curves • The two cvirves should compare favorably 
We can now say that 



X. =4)= I ' • 

can be used as a mathematical model of our experiment. ' y 

Although both the dcmain and r'ange of our data- function were soAewhat 
limited, weVave every reason to believe that#^the above equation is valid for 
..all values oAx and X"* where both are greater than zero# This ccAJecttire, of 
course, should be tested by further experimentation* ' 

It is impoBtant to realize thiat the symbol "m" in the equation X* =: ^ 

L J.I . , / . , \ ' . , . - 

isi not the 'slope of the graph of the(X,xO relation. * It is, on the other 

* I /I \ 

hand, the slo^e -ojP^^the (^,X*) relation* For this reason, it is best to replace 

, the symbol *V* by some other symbol that indicates*a constant Aalue. But what ' 

^^onstant is it? You ii^ve obtained the numerical v&lue of this constant, and it 
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135 

141 



is interesting at this time to ccanpare it to the square of the focal length 
(f) of the lens .that was used. Allowing for some experimental errors, you - 
should find that m = f^. This is the case, •and we can now write our lens re- 
lation in th« final form 



Our equation now suggests that an extremely imiprtant generalization 
of our lens relation can be made. ♦Perhaps this equation can be used to repre- 
sent the location of the object and image for any lens that we may wish to 
use. This turns out to be the actual case, as has be^ verified in many ex- 
periments in the past.' 



Exercise 



1. The following table contains data taken from "an experiment with gases. 



Pressure 
Ib/in^ 


Volume 


!^ 


',169 


^ 5 


135 


« 10 


.68 


12° 


'56 " 


15 




18 


38. 


. 20 


3!^ 


25 


25- 


30- 


■ 23 


35 


19 



gas- 




-fluid 
polwmn 



By raising and lowering the fluid column different pressures can be ^ 
exerted on the gas contained in the left portion of the tube. As the 
fluid column is raised, the pressure is increased and the gas volume ^ 
decreases * * 

Which elements" of the t^ble are the domain and which are the range? 



(b) On a -coordinate plane, plot the ordered pairs from the table and 
construct a physical model- . 

(c) Form a new relation (p^V) and pl9t these new ordered pairs. 

(d) Using' this information, find the mathematical model which best 
represents the data. 
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5*8 ' The Reciprocal Function - 

In this experiment* we have obtained the relation 

Thl^s is a particular example of a more general relation 



where k is some cpnstant. 
You 



Ji^ecall that we have* studied relations of the fonn y s'mx. 
We^call t^se relations "linear" because they gram^ as a straight line. We* 
also studied relations of the fonn y = Ax^, which/were called quadrktic relar 
tions. "Quadratic" comes f ran i the Latin word quadratus, meaning squared. Now 
we are concerned with a relation of the 'fonn y = * case, y varies 

as the reciprocal of x. For this reason, let u^ call this a reciprocal rela- 



tion. The grapji of y = — reveals the basic pattern of this relation. For ex- 

X 9 

tremely large values in the domain, the corresponding values in the range are 
"very close to zero. For. extreme^ small values in the ddnain, the correspond- 
ing vtilues in the range are extremely large. This reciprocal relation is ' ' 
clearly a function, for to every element in the domain of the function, there ^ 
corresponds one element in the range. We can also see this graphically. No 
vertical line cuts the curve in Inore tl^n one place. 

' • k 

Let us consider the graph of the relation y = ~ for negative values of 
X in spite of the fact that negative values of X in our ^eriment apparently 
have no physical significance. Now graph y for all possible values of x. 
From our experiment, k.= f^, so k is greater than zero. Sinte k-is positive, 
X and y must both be positive or both negative • 

Thus, when the domain' of the function 

k • . ' ^ 

y = ^ is extended to include »all real 

numbers f 0, the graph we obtain is 
shown in Figure 10. Why is zero ex- 
cluded from the domain and range of 
%his function? 

This more complete relation is 
a"^ function because we §till have one 
element in the range of the relation 
which corresponds to each eleiftent in 
the "domain. Note that the domain 'ex- 
cludes only the single value zero. 
Uhls reciprocal function is so important 




Figure 10 



r 



that its graph has been'^^iyen tl>e special name "hyperbola".* All hyperbolas 
have two portions, as sliown above. Hyperbolas are/v^ry closely related^to, 
the parabolas we encountered in Chapter k. 

All relations have converse relations, and we should inquire as to the 
converse of a reciprocal relation. When wg interchange the domain and range 
of this relation, ve notice a curious thing. When we form the converse, each 
ordered pair that we obtain is seen to be the same as one of the ordered p^irs 
of the relation itself. (Prove this to your own satisfaction.) "This means ^ 
that the graph of the converse reciprocal relation is identical to the graph 
of the relation. This same conclusion could have been found algebraically by 
finiiing that x » - . 

Without going very far inljo a more complete physical analysis of a 
lens, let it be said only that negative obje<^t-values and negative image- 
values actually have as much significance as ^^itive values of these same 
quantities. A Negative X would -arise for an* object, placed at any position to 
the right of the left-hand focal point. (The light rays are always considered 
to move from 'left to right".) Similarly, a negative X'is an imag4rdistance 
measured to 'the left from the right-hand fQ(cal point. The images that are 
obtained in these situations are not the kind that ^can be projected upon a 
screen. They can, however, sometimes be seen by looking directly into the 
lens. . ' 



1. * Exercise ^ 

1. Does the range of the function X' ^^r^ include the value of = 0 ? 
Explain.' ^ \ ' o 

2» Does the simple lens equation X* = -rr , with the range and domain re- 
stricted to the values that^ can be obtained experimentally, represent 
a function if X and X' are interchanged? ^ WhyJ? 

3. The focal length of the lens found in many cameras is 50 cm. Calculate 
in centimeters for an object at a distance (x) of 1 meter; 10 meters 
1.5 X 10^ meters (the distance tolthe mSon); and 5*8 X 10"^^*meters (the 
distance to the sun). \ ' "^"^ ^ ^ 1 ^ 



»- k» I. y. 



H. y - 5 
III. y='- 



X, - 2 

ID 



X 

■10 



IV. y T 5 

y. y 



- 2 

-10 
2 - X 

10 



X - 2 



) 



' For each of the relatio;is aljove,- 

X (a) For what value of x will the denominator "become zero? 

(h) Is it possible for x to he equal to zero? 

(c) Find the value of y .which corresponds to the following values of 
x: ' 

. ^ {-8, -3, 0, 1, 3,:^, 7) ^ 

(d) Using the values just found, fonn ordered pairs of the fonn (x,y) 
^ and plot on the coordinate plane. 

(e) Join the points with a smooth curve* Remoriber that 'there will he 
one numher (part a) which is not in the domain of the relation. 

(f) If there any number which is not in the range of this relation? 
If so, what is it? 



5*9 Translation of Axes 

In Chapter 3^*1^he discussion of ^linear eqaations led xis to an invei 
gation of the translation of axes. This translation was performed in tw 
directions, "both horizontally and. vertically. 



' . Further in the text a translation was also perfonned during the dis 

I cussion of the parahola. In this case it was the, curve itself which Xiras 

\ ^ ^ translated. » * , ^ 

J , / 'It is now advantageous for us to translate ^the axes in the case of 
the hyperhola. Referring Jo Figirre 7, you will recall that hoth ohject 
and image measurements were made from the focal pdints* The values of these 
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otject 



otject distance 



lens 



focal 
point 



image distance 



• — 

focal 
point 



% ' Figure 7 

measuronents were used in o'btaining 1^e ordered pairs* from vhich the graph 
of the hyperbola in Figure 10 vas 
drawn . ^ , • 

"When the lens experiment was 
first performed, you measured the 
otject and image 'distances from the ^ 
focal points? You mfey have felt 
that this was not a natural point 
'from which to start* A more logical 
starting point for making m^asure- 

o 

ments would "be the lens.** 



* If it -Is desirable to make 
measurements frgm the lens rather 
than the focal points 
the graph of Figure 10 





this 

LO. 



Figure 10 

s can "be analyzed graphically "by a translation from 
the original graph, the origiii was, in effect, 



the focal point*, We now wish to. have the origin represent the lens' "^s it ion ^ 
Ihis' requires a graphical translation. • * ^ ^ 

If you recall^, in our original- data, the positlv^^ject^Slst^ces 
were measured to the left. The origin is now being moVed from the yalue of 
the object focal point to the lens position ^^ch is a movement to tlje .ri^t^ , 
Th^efbre, the translation is taking place in' the negative directiol^. Thk 
distance from the ler^s position to the focal <point is "f". Prom this'it"^*^, 
follows that the translation would have t<5) be made by an amount both^dowfi- ^ 
irard and to the left. That is, we^are shifting* the axes in negatiye directions' 
by 'an** amount f. This shift is achieved by adding an amount -f to-the object 
values and image values, ^e equation becomes 



We have added th^^orizontal translation ( -f ) and the vertical translation 
-.(-f) to. the variables. Now, multiplying the°e,q^ation by X + ( -f ) we find 



(X - f) (x - ty = 



Remove the parentheses by applying the di^ributive. property , 

XX» - Xf - X*f = ^. * 

Subtracting from eacl:^ side of the equation, ' ' ^ 

V 

XX' - Xf - X'f = 0 .- "■ 

% 

Rearranging, ^ . ' ' ' 

XX' = Xf + X'f . . ' > 

1 • ' ' ' 

Multiplying the equation by , we have . . > * 

1 J 1 ^ 1 

f X* ^ X ' 4 

This is precisely the equation for which we are^lool^ing.* ^e ^^uanti- 

ties X and X* are object an^l iraage ^ll^tu^o^es »n'=acurefl from^-th^ lens. 

Now take a sheet of frosted acetate with, coordinate axes. Place it 
over your graph ot*tained from the len^sdata. Translate the axes an amount -f in 
both directions. The curve then appearijjg on the frosted acetate is a repre- 
sentation of the translated curve. ♦ ^ ^ 

We may conclude that the ability to translate coordinate axe§ is a 
technique that is extremely valuable. In this case' it has erased the appiarent 
physical difference between the two ways' to meastire the position of object and 
^ image. These two position descriptions change the mathematical description^of 
our graph, but do not change the shape or relative position of the two portioq^ 
' ©f the hyperbola. 



e " Exercise 6 ^ - , 

1. Start with the equation ^ f"' ~ f '^'hose significance is described in 
the -text. Algebraically translate the axes to the right and upward by 
the amount f in each direction. 

(Hint: fom the equation ^ ^ ^ ~ f " x*'^+ f sjjnplify. 

2. Algebraically solve tihe equation ^ x"' f ' 
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3« x"T3 ® hyi^rbola'in the^fom found in Problem"2. v By how 

much and in what directions would one have to translate the axes 
to put it in the fom y = 7 7 . ^ 

h* Translates^he axes used to describe the parabola y = x - I+x + so 
that the vertex of the parabola lies at the origin* By what amounts 
and in what directions did you translate the axes? 



5.10 Cunge Sketching ' ' ^ 

X In our experiment with /the simple lens -we used the two focal points of 
th6 lens as points of reference for measuring the location of the object and 

image. In so doing we found the function = • ^® remark^ in the pre- 
vious sections that it may be awkward to measure distances from Imaginary 
points that could nefther be seen nor touched. We then elected to locate ^ 
both/the object and Image w^th respect to the position of lens. These 
two quantities are shown in Figure 11. 



1^- — — ^— — — 7— r 

of pin " 



Figure 11 

^. The relation between X and^^^ is given by* 
> ' ■ ^ • 1 ^ 1 ^ 1 



^ where the constant "f" is the focal length of the lens. In Exercise 6, 
^ ' Problan 2, you solved the equation-^,* ^ = ^ for X'. The answer obtained 
, ■ should ^ ' • /*% 



^- X - f • 

This equation expresses a relation and provides us with an excellent 
opportunity to perform an exercise in "curve sketching". The language "curve 
sketching" refers to a rough sketch of a curve that is made after observing « 
few important features of the equat'ion. Few, if any, exact points need to be 



1 



1*^2 

J- ^1 6 



o>tained to make the sketch. The general idea is to make the sketch Just to" 
see "how things go", and not to ottain exact r'epresentation of the graph. 

' Xf 

To sketch the equation X* = ^ _ ^ , we start wit}x ^' sheet of coordinate 
paper upon'which we draw the horizontal (X) axis and the vertical (X') axis. 
The succeeding steps taken to, sketch this equation are listed "below. 

(1) Let us consider the a"bove equation when the value of X is large and* ' 
positive* Because f is relatively small with respect to X, the de- 
nominator, X - f , will remain practically the same as X itself. " If 

' this is the case, the entire fraction, and therefore X', will have a' 
' value only slightly greater than f» 'For example, use f = 6 and 
X = 1000. Then 

V, (1000)(6) 6000 /g . 
^ ' 1000 - 6 ^ ^•^^ 

Therefore, for large positive values of X the graph of the curve will 

stay close to the vertical coordinate X* = f . 

(2) As the value of X becomes smaller positively, the difference "between X 
and f "becomes smaller, and therefore the value of the fraction "becomes 
larger. For example, again use f = 6^ "but now have X = 100. Therefore, 
Xt = (^^M^) = ^ = 6.1+. Using f = 6 and X = 10, we find th^t 

= ^Q^^^g^ = ^ = 15. We see that the X» valves increase very rapidly 
a^ the X value comes closer to f , and the curve "becomes very s^eep. 

j[3) When X = f , the denominator of our equation "becomes zero. Cilice such 

an expression is undefined, we cannot graph this point. ^ * 

Usin^ these three steps we can sketch^ a portion of our curvfe. Since 
"both the Xoand X» discussed thus far are positive, the graph of the curve is 
confined to the first quadrant. See Fi^re 12. 

X* 




^ The graph of the curve approaches the value of f in \ioth the horizontal 

and vertical dir^qtions. Therefore, it is helpful to draw the lijies X' = f 
and X = f on the graph. ' 

C^) Not?* l^t us consider the eqfeat^ion when X is less than f , tut still posi- 
tive. The denominator of the equation, X - f , would then "be negative. 
The nxmierator is still positive. - Therefore,, the valu^ of the fraction 
and, consequently, of X*, is negative. For X values only slightly 
smaller than f, the denominator comes a very snjall numter. Therefore, 
the fraction itsyelf "becomes very large and is negative. ' ' 

(5) When X equals zero then the value of Xf is zero. The denominator is 
not^zero. Since the numerator is zero, the value of the firaction is 
zero.^ Therefore, the graph of the curve passes through the origin. 

('65^ As X "becomes negative, the value of the numerator, "becomes negative. 
But the value of the denominator also "beccaaes negative*.'' Therefore, 
* the value' of the fraction is again ppsit^ive. 

(7) As X "becomes very large and is* still negative, the value of the denom- ' 

inator changes very li1^;W.e. ^ The value" of f is* ver/-'^mall in relation 

^ 'S • ' » 

to the large value of X, ap.d the difference" in the denominator remains 

very close to X. As we detemined in (l), the Value of the fraction 

approaches f as the value of ,X increiees nega^tively. Since "both the ^ 

n-umeratoT and denominato^r are negative, the value of the fraction re- ^ 

mains positive* - '* 

Using the last Jour steps, we can sketch the ^portion of the curve shown 
in Figure 13 . 

i. 



X^ 

• 


j X = f 

— 1 — ^ 




\ , X 




\ 1 ^ 






( 


ll . * ^ - ' > 
r 



^9 



Figure 13 
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Xf ' ' 



To sketch the graph of the curve for t&e equation X» ^ ^ must 
combifie the conclixsions we have reached In the sey\en steps ahove.*' Figure ik ^^^L 



illustrates the skelfe"of "ihe graph forAh^^i^c^fr^^tion. 




X«3== f 



X = f 



Figure Ih 



Go hack over the seven features once more, ,and check each against the 
sketch. You should practice using sketching procedures such as this. With ^ 
little practice, sketches of most curves are easily drawn. 



^Exercise J 



Sketch the following relations for all^possihle values of x: 



1. 
3. 

^5- 



y 

y 
y 
y 



X + 3 

^ X 
X 2 



x(x - 2) ^ 
x^ - 2x 1 
2(x + 1) 



5»il 2l£ Floatinj^ Magnet ,^ 

Perhaps nothing is more fascinating than a magnet. Two magnets may- 
attract ot repel one another. Magnets will attract, tacks, paper clips, nails 
and any other .object that contains iron. Iron filings placed on a card over 
a magnet will fom a beautiful pattern. Very strong magnets can "be made by 
winding a coif of wire around a nail and attaching the ends of the wire to a 
small battery. ^ ^, 

.Magnetic phenomena are, however, extrenely difficult to ar^alyze. Mag- 
nets are so nice--bat what can one really do with than? The experiment trfat 
follows represents one $f the few experiments with magnetic phenomena that 
provide a real opportunity for ma^anatical analysis. * 

The magnets that will be uted 6re small circular ceramic magnets about 
an inch in diameter that have holes ^In their center^, ^oar of these, each 
^inch thick, ^re needed, or two that are ^inch thickC^ A knitting needle, 
paper clip, centimeter ruler, and a sfet of standard masses will also be re- 
quired. The experimental arrangonent is illustrated in Figure 15 . The top 
two magnets are repelled strongly away 
frcan the lower tw(^. They seem to ,float 
in midair without visible means of sup- 
port. The knitting needle (cut off to ^ 
a suitable length) passes freely through 
the holes in all four magnets and 
throiAgU the hole m the mounting board 
that is used for suppor^ of the entirei 
setup. ^ / 

Because thie upper magnets cannot 
slide off the capped end Qf the knitting^ 
needle, the neejile and upper magnets 
move together, ag^ a unit. The lower\ ] 
magnets simply rest upon the meter stick. ^ 
!Ihe upper magnets, togeth^er with^the - 
knitting needle, are free to bounce up , 

and down with the slightest push. , . , _ ^ 

♦ We wish t« investigate the manner Figure 15 

in which the separation distance between the magnets decreai^jes as Jjhe'^ load 
suspended from *the knitting needle is increased. In this experiment, the 
selection .of trte two^physical qi^antities of, interest is rathe:: clear-cut. 



magnets 





mounting board 



weights 



lj;6; ' 



V 



We v411>ele4:a load, { i), and correspondjing to this load there will be a 
separation diUance b'etween ihe magnets (s^. The load yalues are the domain 
of the function vhile the se^iaration distances are its range. 

In performing the experiment, it is perhaps "best not to attanpt a 
direet measvuiement of the separation distance. _ The magnets may tilt slightly 
on thCneedle! one way or another. .Instead', th'k distance (d). between the cut 
end of^theJuii^ting needle and the under'side of the mounting board should be. 
measured'. This measuranent should be read to -0.1 mm on your scale by estimat- 
ing tenths between adjacent divisions. The distance (d) and the s.eparation 
distance* (s) are shown in Figure ^l6. 



fi load of about l60 grains vill 
reduce' *he separation distance between 
the irfagnets 'to less than 1 mm^ so if 

^ we load the knitting needle plunger in 
2b-g-ram st^ps, we will obtain at»out 
nine readings. Label the first** column 

^ of your data sheet "load ( / ) iJ? grams" 

and the laicond column ."distance (d) in ^ 

W*. (See Table 2.) Be sure to record 

'tlfe vefiue of*d jrtien^only the mass 5f *th? 

> 

* needle itself is applied to the upper * 
' magnets Whefn taking these readings, 
• tap the needle gently to make sure that 
the 'friction between the needle and the 



,,,,,, ^ ^ ^ 

















T 



Figure 16 




holes through which it passes doe^.'noV influence the results. 

We- must now. change the pieasur6ment& -of. d into the corresponding values 
for's, the separation dist4ce'. This '^s done easily by forcing 'the magnets 
together and finding the correappjidinr value of d. ' CaU it d^. The required- 
values of s are 'then^obtained from.s = d^ - d. Be sure.to convinde yourself 
that this equatidn is "the; correct on4 to use. Place "the s-values found for. 
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load il^)' 
in grams 


j 

distance (d)' 
^in mm 


s 

values 


1 

(s . 
values 


s valu&s . 

2 mm 
spacing 


calculated 
• Values 




■ 




* \ * 




♦ ^ 

.V 

^ A 


♦ 




Table 2 






• 


' ' ■ \ 

• 1 


1^*7 

.15;] ' 






■ i 











Theldesirpd data function is now shown in col^anns 1 andi 3 of your table. 
' The lvalues of the load^ I are the dcanain of the function/ and" deter- 
mine the scale of the horizontal axis. The corresponding values of the separ- 



ation distance s detennine the scale along th,e. vertical axis 



Plot your 



( TfsYvBlxs and draw your "best curve** through or near' these points. This 
best curve I is a physical model which assumes that for any intemediate value 
^of the load, a corresponding value of the separatio? distance would have ,been 
found. Yoyr graph of the physical mddql for the **floatlng** magnet should now 
Icfek something like the gijaph shown in Figure 1?. 
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Figure IT 



5«12 Search for a Mathematical Model 



• Your cifrve of the kliid shown In Figure 17 is a representation of the 
results of the. experiment, and we must now find- a mathanatical model''(an 
equatftn) which describes this curve. At this point It 'might be to our ad- 
vantage to look back at all the kinds' of graphs we havi encountered, oie 
^of these might well be the one w^ are looking fdf. FlguJ-e l8 on the rjext- ' 
P^e sKows the eight graphs 'studied in Chapters 1, 2, §, and k. We might pall. 
It a "Gallery of Graphs".' , " ■ . ' ^ 



Figure l8(a) shows the linear relation obtained in the' Falling Sphere 
> Experiment. Rie converse relation is also linear. This relation was also 

encountered^ in the Number Generat^ Experiment • The relation shown in 
' Figure l8(ll) was obtained 'in the Wick and Horizontal Metronome Experiment, 
, The parabolic ^ela^tion was found with the Oscillating Spring and shown in 

Figure l8(c)/ This was found to be the same as the converse of the Horizontal 

Metronane andWick relation. The reciprocal relation for the SiiriJJle Lens, 

Figure l8(d)^ is identical to its own converse. 
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We hope to find a graph in the gallery that has a shape similar to the 
shape we have already obtained fo» the floating magnet relation. Perhaps we 
may lose only a portion of one of these graphs^ to describe the magnet relation. 
As we scan the "Roguejs" gallery, we-see three possibilities: 



^(1) 
(2) 
(3) 



the dashed portion of the parabolic relation at the left in 
Figure l8(b); 

the dashed portion of the paraboli,c relation at the left in 
Figure l8(c)> 



the solid curve portion of the reciprocal relation shown in 
Figure l8(d). ^ 
Let us examine these possibilities one by one. 

If we were to use the left-hand portion of the upright parabola in 
Figure 18(b), we would have to translate the axes to the left so ' that ^ this 
part of the parabola would appear .ip the first quadrant. See Figure 19(a). 
It must appear in the first quadrant, for that is the location of our float- 
"iS^ma^St^relation. Having translated- the axes in this way, however, we 
find that the parabo^^hows one separation distance between the magnets, for 
tro different loads, as shown by the dotted line, ©lis does ^ not represent 
the physical situation and therefore this parabolic model cannot ^e used. 



I 





Figure 19 



If we wer« to attempt to use the lower half of the parabola on its 
• side. Figure 181(c), a similar situat^Lon would confront us. We would now 

have to translate the axes downward to place the dashed portion in the first 
''quadrant, as in Figure 19(b) . Now, however,^ the parabolic model irauld predict 

two different reparations of the magnets for one load, as shown by the dotted 

■ • •• , > 



151 



157 



line. Again, this is a physically impossible situation and the model must be 

discarded. * * v yjC^ 

Suppose in the two c>ses above, vestry to *solve our problem by "th^dy- 
ing away" 'the half of the .parabola ve do not want. Ihen, in each case thei4 
would be an artificial li)hitation. In one case the domain of loads would- .."be 
limited, and in the other case, the range of Reparation would be limited. 
. Therefore, we must reject the possibility of , half parabolas, for, in both cases 
the limitations do not correspond to the physical situation. 

No objections can be raised in the case of the reciprocal relation of 
Figiire 18(d). The graph needs no translation to be similar to the floating 
^ magnet graph. It also does not indicate multiple loaSFjK^a single separa- 
tion, or multiple separations for a single load. ^IJ/^s, therefore, the one 
we will emplJoy in our attempt to describe the floating magnet relation. 



5'*^ The Reciprocal Relation , 

The function we have obtained consists of the ordered pairs ( l^s) that , 
, are on the "best curve" we have drawn through the experimental points. We 
have now decided to represent this curve by a reciprocal relation. As you will 
'recall from our study of the Simple Lens, the graph of the converse relation 
is a curve w;hich is identicial to the graph of the reciprocal relation itself. 
*Por the magnet relation,^ this means that we could follow either of two pro- 
cedures. We could foim a new dcmain consisting of j -values and plot these 
against the corresponding s-values in the range, or we could use the converse 
magnet relsPeion consisting of the ordered pair5 (s,/), ^form a new domain 
^c6ns,isting of '--values, and plot t^ese against the cor res pond ing4g|f-value?3o 
the .range. ^ * 

i • 

Paced with these two possibilities, we must make a chqice.- If we re-^, 

member that the very first value of the load (,/ ) that we placed in our table 

was O, we can see immediately that the corresponding value of r is not de- 

1 ' / 
fined. . No similar difficiilty arises, for because ,s^ dlid not assume the^value^ 

• ^ 1 ' 

0. Let us hope, then, thai a graph of paia^ (-, ^v)" will yield .a straight 

line. If it does,, we will have found the reciprocal relation we are seeking. 

Befoi% going farther, however, we should graph the converse magnet re- 
lation which consists of the ordered pairs (-8,^). Replot your data points 
and, draw a new "best curve" on a sheet of coordinates paper to obtain a graph 
of the converse relatipn. Youi^ hew graph should be similar to the one^shown 
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Figure 20 




6 8 , 10 

Separation (s) in mm 

Now we must tabulate values corresponding to each value o€ s. Place 

/I 



these in column k of your data table. Now graph the (p^) relation using ' — 
the horizontal axis for.^ values and the vertical axis for the values. This 
is the relatio^ We hope is a linear one, for if it is^ the relation between s 
and ^ will then he a reciprocal relation. \, 
Draw a "best curve" through tl^ese points. When this is done, your 
graj^ should appear very similar to th^ one shown in Figure 21. 
<160 
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^ This graph is diSapi>ointing. It does not.seem^ to be a line by any 
stretch of one's imagination. This means also' that the relation between s. 
and is not a reciprocal relation. * 

But look more closely at your graph. Althgugh the entire graph is 
most certainly not a line, the first four points (small loads, lai;ge separa- 
tions and low i values) do line up fairly trell. ' This* restricted part of the 
graph shows a linear behavior. But when the loads beccme too large and ,the 
separations too small, the graph curves off to some new sort of relation. 

Let^\;s draw a "best straight line" through these first, four points arid 
find the corresponding mathematical relation. See Figure 21. It is true 
'the mathematical equation will not describe the remainder j^f the graph, but 
at least it should provide an accurate description of the behavior of the 
floating magnets for small load values . ( ' " , ' j 

'Rie equation representing this "best straight line" will be "of the 
fom / 

y = m (i - c). 

^Riis is the familiar point-slope Equation. In this firm it is relating" 

The values of the constants "m" and "c" are founds from the graph of 
the line. The constant c is not equal to zero because at "zero load" we 
still have the loading of the upper magnets and needle which ipfluenc^ the 
separation distance. This, then, is the mathematical model we have been seek- 
ing. We must recognize that this model does not pretend to describe the en- 
tire behavior of th? floating magnety but only that part oi its "Behavior that 
\^ 

corresponds to small loads. Notice also that we have obtained a relation 

*■ * <; • ^ 

that is the converse of the expeilmental relation. The above relation pre- 
dicts the values of the load for certain fixed values of the separation dis- 
tance. In the e^riment, the separation distance was determined by the load. 

One final step will make our analysis complete. We should now use this 
equation to obtain pairs (s, ) to compare difeclJly with the results of our 
experiment. We are sure that these , calculated -p<>ints\d.ll not match the ex* ~ 
perimental curve for large loads and small magnet separations. In spite of 
this, we will calculate to see how good the mathematical model is for large 
separation distances and how poor it is for. small separation distances. 

In column 5 of your data table select s-values spaced every 2 mm over 
the entire range of the original function. Pl^ce the calculated values of 

15^ 



iSxe load {jf) found from your equation in column 6. Plot these calctilated 
points o^u. the same sheet of coordiriate paper used to display the converse 
relation (as in Figure 20). Draw a dashed ling through these points' to dis- 
tinguish the graph of- the mathematical model* fran the graph of the experimental 



results • 



Hov do the two 'graphs compare? You "should *have obtained a result 
similar to the one indicated in Figure 22. - 
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Figure 22 \ 

We see that the curve calculated, from the mathematical model represents 
the "behavior of the floating magnet for loads that are.syfficiently small. 
Predictions from this equation for larger loads, however^ would not agree with 
the fictual "behavior of the magnets . ' " 

The restriction that we have placed i^poji the mathematical model for the 
floating magnets. is an extremely important one. Wejslalm only to have an 
equation %hat "fits**^ the experjbnental curvefor small loads and relatively 
large separation distances. We may descjfthe this restriction "by saying that 
the domain of separation distances (foi/ the converse relation) must "be re- 
stricted. In a previouB section the^d<i^5p^TJf 'ttte'i''l^IV*± all of the'** 
positive numbers. In the present expe^^ilme^t we cannot use th^ whole set of 
poiJitive numbers. Ihe domain of the present relation is governed "by the' 
' ability of this function to follow th^ behavior of the magn^s. 
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Exercise 8 



1. ;^. In the Floating' Magnet experiment we obtained the relation 

^ y = m(i . c) . 

Algebraically obtdin the converse this relation. What Sep^aration * 
Zs'^' distance does it predict for zero load? 

2. ^ ?or a limited domain, the floating magnet function was found to be* 

y = m(J - c) . 
.r : V/hat is the unit of m? the unit of c? 
3*" ^Sketch, roughly the graph of'y = - ^ for k <*0. 

C» A particular reciprocal relation is y = i . Find the elements in the 
^ range that correspond to the following elenent^ in the dcanain: 

> 10 ^, 10 ^, 10 1, 10"^, 10^, 10^. 
^. For the relation of th^ previous exercise,^, find the elements in the 
domain of the relation that correspond toy'the following elements/in 
the, range : lO"^, lO'^ lO"^, 1, 10^, 10^, 10^ . \^ 

6. Locate the x and y intercepts for the relation y = — for k > 0. 



^ 5.1^ Cu^e . Fitting 



Let us restate the procedure we used in the previoiis section to find a 
mathematical model for the magnet relation. We found that a mathematical 
model could be used to represent the results of an experiment if the domain 
o^^^^^s mathematical relation wa^ suitably restricted. Graphically we see 
that the curve for the model and the curve representing the data follow along 
^togethet for a while, but soon their paths separate. We might say that the 
curve of the mathonatical model "fits" the experimental curve in one region, 
but not in others. 

Suppose that we had been interested, in finding an equation that would 
accurately describe the behavior of the -magnets for large loads and small 
separations rather than for small loads and large separations. Our previous 
model would be a poor one. But do you suppose it might be possible to "fit"* 
a reciprocal relation to the experimental curve so that the situation for 
large loads would be described? ^ 
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The befit vey to answe]^ this question is to go back to your graph of the 
{^}J) relation. See Figure 21. ^e drev a *best straight line through the 
first four points 'before. We could/ however, draw another straight line J 
through the last three points. TJxese points seem to line up fairly veil. ^ 
'Biis would give us a new equation like the one obtained previously, but with 
different values of the constants.* If now we were to calculate (s, ) ^points 
from this model* and graph '^em, we would expect a "fit" to the experiment al^-^^ 
data along a quite "^different section of £he experimental gr^h. We would now 
have to impose new restrictions upon the domain of the mathematical represent- 
ation. It is important to note, however, that this model may be just as good 
in its domain and range as the first model was for^small loads, and large magnet 
s eparations . 

In general, we are able to fit a reciprocal relation to the experimental 
relation for the floating magnets over any restricted part of the, experimental 
curve TfTB choose, ^is kind of procedure is called "curve fitting". 

It should be pointed out ^^tl^a tithe reciprocal relationrused to represent 

tfie b^avior of the floating magnets if not the only reciprocal relation that 

\ 1 ■ • ' 

might be used. We found that was a linear function of — over a limited 

^ 1 \ ' 

domain of - values. We might also have tried to deteimine vheth^r ^ could be 
considered as a linear function of or ev^ — =• .' We know that whatever 
trial function we choose, the separation distance (s) raus^t become smaller. €gid 
smaller as the loa^ { Ji) is increased. One of these new reciprocal relations , 
might very well yield a much better fit to the experimental relation than*the 
one used. By "better fit" is meant only that' t^e graph of the mathematical;" 
equation might represent the experimental relation over a\arger domain and *^ 
range. * * ' _ 

Exercise £ • 

A beaker of water was heated on a hot plate. 'Hie temperature of the water was 
recorded every minute aiii the following data was obtained- 
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Time 


Temp. 


(min) 


( c) 


' — i 

6 


20 


1 ' 


3it 






3 




• k ' 




5 


75 


6 • 


' 82 


7 


86 


8 


' ' 90 



3. 



If. 



Graph the time- temperature 3?el^tion» Over vhat range and domain would " 
you say that the relation linear one? ' " 

Draw your best straight line represent the time- temperature relation 
for a restricted time domain* Find the equation that repre»dnts this 
line. * " ' 



Use the equation obtained in Exercise 2 to calculate ^.emperatures for 
each of the nine time readings. What is the error in temperature pre- 
diction at times^ of 1 mifi; h min; 7 min ? - ^ ^ \ 

In the Floating Magnet experiment you madjB a graph of the rec^rocal 

of the separation distance (— ) along the "horizontal axis and the load 

s , - 

^jf ) along the vertical axis. Draw a best straight line thirough the 
points which represent loads of 120, l^iO and»l60 grams. Obtain the*^ 
^equation for this line. Calculate load values (Jl) from this equation, 
selecting 5 or *6 equally spaced s -values that will ^ve load^ in the 
range from 110 to 170 grams. Graph these calculated' ^KDints aM compare 
them to your original experimental po;ints. Over what rdf^ of loads 
do you find a good "fit"f 



5.15 Siamaary \ . \ - . - 

In this chapter we have studied seme ''chan^teristics of certain curves. 
We learned the meaiiing of th^ slope of a curve at a given point. This slope 
Sras found to have speciauH^hysical significance as velocity. Our guess was 
verified to bdy satisfaction by compaij-ng the measured velocity with one 
calculated fr<>m the graph. . ^ 



* From the data obtained In the Lens Experiment we were led to the study 
of the reciprocial 4*unction. By analyzing some properties of the hyperbola, 
it was found that the curve could^l^e sketched thixDugh a study of its equation. 
Wiile'^tlie curve drawn in this way was not an accurate physical model, a good 
approxlmatioil was obtained. J' ^ 

Finally, after working wi>sfch the data fron the Magnet^ Experiment, we • 
learned that not all curves would fit into simple groups. This data pjresented 
us with, the ^problem of a complex function from which we could arrive at only 
partial solutions • - ^ 

This chapter, then, began our experience with the mor^ complicated 
curves* As you continue to study mathematics, ^other more rigorous methods. of 
obtaining seme of the above infomation will be fo\md. 
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' * . GLOSSARY • \ 

, Part in 

ABSOIOTE VALUE The ahsolute value -of a nonzero real number ia the greater 
of that number and its opposite. The absolute valu«^of zero is zero, 

-AMPHTODE — Maximum ^displacement on either side of an equilibrium position, 

ANALOCT — A form of mathematical inference based on the assuii5>tion that 

problems which have a similar appearance will have a similar tr^tment. 

ANGUS -QF^.INCLINATION The angle measured between the horizontal axis and 
the given line. 

COMPARISON PROPERTY — If a and b are real numberb, then exactly one 6f the 
fo^owlng is true: a < b, a = b> b < a ^ ^ ' 

CONJECTURE — A conclusion reached without sufficient evidence for definite 
knowledge, 

Constant— a constant is a number that remains unchanged during the coiirse 

^ /• * . 

of a particular discussion. - 
CONTINUITY — An uninterrupted succession in space of time, * 
CONVERSE — Reversed in order, relation, or action, 

COORDINATE PLANE The plarSl(Wl?aining two perpendicular coordinate axes. 
Points in the coordinate plane are* determined by order ^ pairs of reai- 
fivunbers (coordinates), • . 

DEFLBC'KON — The amount of bend (as indicated by a pointer relative to. a 
fixed* scaleO • " , 

DERIVATION — Statements which show that a result is a necessary consequence 
<K jrevl ou& ly accepted statements. 

* / 

DISPLACE — When a, directed- nibvement of Q coordinate axis is made, we say . 
that the axis is displaced. 

« — ! 

DOMAIN — The domain fs the set of first elements of ,the ordered pairs in a 
relation or function. 

ilQUILIBRIUM The state of being in balance which occurs when the resultant 
■ of all outside forces acting on 6 body is zero. 

FOCAL- LENGTH -- The distance between a lens and the focal point . 
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FOCAL POINT — The point at tihich .a leos will ceuse parallel rfys to converge. 
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FORCE — Force is a -physical concept which can be^ described loosely as the ^ 
push* or* pull -on art object. / 

. * ^ \ 

FULCRUM — The point of support and rotation of a seesaw or lever. 

FUNCTION — A function is a set of ordered pairs such that each element of 
the domain appears in one and only one ordered pair..' 

GENERATE Tt) trace o]^t mathematically by a moving point, line, or plane.* 

IMAG£, DISTANCE The distance measured from some fixed point to the image. 

(In this text the focal point on the image side of the lens is taken 

as the fixed point.) , 
INTEGERS — The set of counting numbers^ zero, and the additive inverses of 

' the'' counting nupibers mke up the set of integers.. 
1 * • 

INTERCEPT The point on a number line at which a' second line meets it. 
INTERPOLATE To fin(J a value between t^o given values.^ 
IRRATIONAL NU>©ER — *A real' number which cannot be expressed as the ratio 
of an integer to a counting number. ^ • ^ 

LINEAR — Pertaining to straight lines. , 

MSS — l^ss is 'a fundamental property of a body. It is not the same as the 
' weight of the body. On the earth's surface, the weight of an object is 
• proportional. tV) its mass. 
MATHEMATICAL MODEJj — A mathematical relation ^hich represents the physical 

model. In cost situations it will -be an .equation. 
^50MENT OF fORCE.— The moment o'f force is the 'turning effect of a force. 

NEGATIVE INTEGERS The negatives of. the 3et of counting numbers, 
ft 

> « * •» 

' NEGATIVE RML- NUMBERS The set of real numbers associated with points to^ 

.the left of zero on the number line, where the unit point is to the 
' right of zero, is the set of negative real numbers. ^ 
OBJECT DISTANCE — The distance measured from some fixed point/ to the object. 
In this text the focal point on the object side of* the 'lens is taken as 
■ 'l^e fixed point 
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OBBE^gD PAIB Pi, sot containing exactly two elements, (a,b), in which one 
■ T - e le me a t ^s iSscognized as the first element. * ' 

l)RDEEmiG PH)PERTy FOR OPPOSITES — For real number s'- a and 'p^^^if a < b, then 
- * lb < -a . - * • . ^ ^ ^ 

ORIEiraiATION — Arranging correctly according to given facts or principles. ^ 
' ^ Determining a position. , 

OSCILLATING Swingirig from one extreme to another. To travel back and 



forti? between points. 



PilRIOD — Tlie time interval between any event and the moment the sam^ event 



occurs again is called the period. 
?5in)ICULAR LINES — Two lines which meet at right angles. 



PHYSICAL MODEL — A^single curve on a graph of the set of points which best 
represents a collection of data. It <is an idealization of the behavior 
of "a physical system. ^ ♦ 

POSITIVE' INTEGERS The- set of counting numbetrs. 

POSITIVE RE/\L NUMBERS — wie set of real numbers gi^eater than zero. Usually 
represented by the points to the right of zero on the number line. 

PROPERTY POR OPPOSITES See Ordering Property for Gpposites. 

PROPERTY OF ORDJSl If a and b are two real numbers on the number line, and 
a is to the left of b,^then a < b. 

QUADRANT — One of the four regions into which the coordinate axes divide 
the coordinate plane. * 

(^ANTITATIVE — Relating to or expressible in^terifis of quantity.- involving 
the measurement of quantity or amount. * 

RANGE — The range 'is the set of second elements of the ordered pairs in a 
relation or function. * 

*lfeATIOKAL NUMBER A number which can be expressed as the ratio of an integer 
to a counting i^umber. ' ^ , . ^ ' 

REAL NUMBER? The set of all numbers associated with points on the nuirflber' 
line. A number which can be represented by- a l^inite or infinite decipial 
, ' expansion\ ' ' . . 

RECIPROCAL — The multiplicative inverse of a nonzero real number is called 

the reciprocal of- the number. l^e reciprocal of a real number "a" (a ^ O) 
is th^ number ~ . Zero has no reciprocal . ^ " . 



RELATION — A relation is a set of ordered pairs. When the pair (x,y)^ is in 
the set and we' use R-To represent the relation, we say that x R^y is- 
^ true/ 

REPELLED — Tending to be forced away or apart. 

SLOPE — Ihe slope measures the steepness of the inclination of a line. It 
is* the ratio of the rise to the run. 

^ SLOPE OF A CURVE The slope of a straight line which' just touches the curve 
at a given point. 

TERMINAL VELOCITY >/hen the upward resistive force equals the downward 
gravitational pull on the object, terminal velocity has been reached. 

TRANSLATION OF AXES Changing the coordinates of a set of points to coor- 
dinates referring to a new set of axes parallel to the original- axes. 

TRANSITIVE PROPERTY -- If a relation R has the profterty that whenever a R b 
^ and b R c are true statements then a R c is a, true statement, 

we say that R has the transitive property. 

UNIQUE — Just one. Consisting .on "one and"o|[ily one.* Leading to one and 
only one solution. > ^ ' 

VARIABLE A symbol which can be replaced by any member of a given set. ^ 

VELOCITY (constant) — The slope 'of tlse line on a time-distance plot. It 
. . , distance - , ^ - 

is given. by ^ime - •. 



